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Coisotropic reduction in
non-dissipative mechanics



The canonical phase spaces

- If Q is the configuration space of a mechanical system, the
phase space M := T*Q inherits a canonical symplectic
structure (M,w),

w:i=wg =—dAg = dq* A dp;.
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The canonical phase spaces

- If Q is the configuration space of a mechanical system, the
phase space M := T*Q inherits a canonical symplectic
structure (M,w),

w:i=wg =—dAg = dq* A dp;.

 The phase space M := T*Q@ x R inherits a canonical
cosymplectic structure, (M, w, 6),

w:wQ:dqi/\dpi, 0 = dt.
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The Poisson bracket

Symplectic and cosympelctic manifolds are Poisson manifolds

with the bracket
of dg of dg

ah = dqt Op;  Op; Oq*
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The Poisson bracket

Symplectic and cosympelctic manifolds are Poisson manifolds
with the bracket
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tah = 9q' Op;  Op; g
In each of these cases, the bracket is induced by the Poisson
bivector

0 0
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The Poisson bracket

Symplectic and cosympelctic manifolds are Poisson manifolds
with the bracket
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tah = 9q' Op;  Op; g
In each of these cases, the bracket is induced by the Poisson
bivector

0 0

(2

A=

We have an induced map

fa:T"M = TM, oA
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The Poisson bracket

Symplectic and cosympelctic manifolds are Poisson manifolds
with the bracket

_ 9709 _Of og

gy = dq" 9p;  Op; oqt
In each of these cases, the bracket is induced by the Poisson
bivector

0 0

(2

A=

We have an induced map
Ay :T"M - TM, at A

Denote

9 0,
gt Ip; '
In symplectic manifolds, % = T M.

H :=imfy =
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Coisotropic and Lagrangian submanifolds

If A C T, M, we define the orthogonal as
Ata =1, (A),

where A° C T M is the annihilator of A.
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Coisotropic and Lagrangian submanifolds

If A C T, M, we define the orthogonal as
Ata =, (A),
where A® C T M is the annihilator of A. We say that A is

- Coisotropic, if
Ata C A,
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Coisotropic and Lagrangian submanifolds

If A C T, M, we define the orthogonal as
Ata =1, (A9),
where A® C T M is the annihilator of A. We say that A is
- Coisotropic, if
Ata C A,
- Lagrangian, if

Als = ANH.
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Coisotropic and Lagrangian submanifolds

If A C T, M, we define the orthogonal as
Ata =, (A),
where A® C T M is the annihilator of A. We say that A is

« Coisotropic, if
Ata C A,

- Lagrangian, if
Ats = AN,

These definitions apply to submanifolds N < M as well.
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Coisotropic reduction in symplectic geometry

Let (M, w) be a symplectic manifold andi: N < M be a
coisotropic submanifold.
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Coisotropic reduction in symplectic geometry

Let (M,w) be a symplectic manifold and i : N < M be a
coisotropic submanifold.

Proposition
(TN)*a C TN is an involutive distribution.
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Coisotropic reduction in symplectic geometry

Let (M,w) be a symplectic manifold and i : N < M be a
coisotropic submanifold.

Proposition

(TN)*a C TN is an involutive distribution.

Define 7 to be the maximal foliation associated to (7V)+2. We
will assume that N/# admits a manifold structure such that
the canonical projection 7 : N — N/ is a summersion.
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Coisotropic reduction in symplectic geometry

Let (M,w) be a symplectic manifold and i : N < M be a
coisotropic submanifold.

Proposition

(TN)*a C TN is an involutive distribution.

Define 7 to be the maximal foliation associated to (7V)+2. We
will assume that N/# admits a manifold structure such that
the canonical projection 7 : N — N/ is a summersion.

Theorem (Weinstein)
There exists an unique form wy defined on N /&
such that

Wy = Tw.
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Coisotropic reduction in cosymplectic geometry

Let (M, w,0) be a andi: N < Mbea
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Coisotropic reduction in cosymplectic geometry

Let (M,w, ) be a cosymplectic manifold and i : N < M be a
coisotropic submanifold.
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(TN)*a C TN is an involutive distribution.
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Coisotropic reduction in cosymplectic geometry

Let (M,w, ) be a cosymplectic manifold and i : N < M be a
coisotropic submanifold.

Proposition
(TN)*a C TN is an involutive distribution.

Suppose N/Z admits a manifold structure such that
m: N — N/ defines a summersion.

Theorem ( RIL-MLR)

« IfTN C %, N/ admits an unique
compatible with the strcuture defined on M.
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Coisotropic reduction in cosymplectic geometry

Let (M,w, ) be a cosymplectic manifold and i : N < M be a
coisotropic submanifold.

Proposition
(TN)*a C TN is an involutive distribution.

Suppose N/Z admits a manifold structure such that
m: N — N/ defines a summersion.

Theorem ( RIL-MLR)

« IfTN C #, N/ admits an unique symplectic structure
compatible with the strcuture defined on M.

- If 2 € TN, N/F admits an unique
compatible with the one defined on M.
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Coisotropic reduction in dissipative
mechanics




The canonical phase spaces

- The phase space of an autonomous dissipative system is
T*@ x R, with its canonical contact structure

n=dz— p;dq".
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The canonical phase spaces

- The phase space of an autonomous dissipative system is
T*Q x R, with its canonical contact structure

n=dz—p,dq".

- If we want to study time-dependent dissipative mechanics,
the phase space is T*Q x R x R endowed with its
cocontact structure

n=dz—p;dq’; 0=dt.
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The Jacobi bracket

In both of these phase spaces there is a Jacobi bracket which is
locally given by

of by 9y 8f) 1+ 0 _ 00

U9t = 55 3¢ ~ 3¢ p; pi(ap,-az 99, 02) T98: Yoz
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The Jacobi bracket

In both of these phase spaces there is a Jacobi bracket which is
locally given by

oo 100 050y (0505 040f\ . 0 oy
= Op; 0qt  0qt Op; "\ Op; 0z Op,; 0z g 0z

0z

This Jacobi bracket is defined through the Jacobi bivector and a

vector field
A = 9 /\i_t'_ i/\ﬁ
~op, g " Pigp, " oz
0
E__@’
as

{f,9} = Adf,dg) + fE(g) — gE(f).
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Coisotropic and Legendrian submanifolds

The orthogonal of a distribution A C T'M is defined as
Ata = ﬁA(AO)a

where
o :T*M - TM; a ., A.
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Coisotropic and Legendrian submanifolds

The orthogonal of a distribution A C T'M is defined as
Ata =, (A?),
where
o :T*M - TM; a ., A.
We say that A is

- Coisotropic, if
Ata C A,
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Coisotropic and Legendrian submanifolds

The orthogonal of a distribution A C T'M is defined as
Ata =, (A?),
where
o :T*M - TM; a ., A.
We say that A is

- Coisotropic, if
Atr C A,

 Legendrian, if
Ata = A,
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Coisotropic and Legendrian submanifolds

The orthogonal of a distribution A C T'M is defined as
Ata =, (A?),
where
o :T*M - TM; a ., A.
We say that A is

- Coisotropic, if
Atr C A,

« Legendrian, if
Alr = A

The same definitions apply to submanifolds N < M as well. o



Coisotropic reduction

Proposition

If N Misa submanifold, then (TN)*4 is
involutive and thus arises from a maximal foliation F.

We assume that 2 € TN.

10/M



Coisotropic reduction

Proposition
If N < M is a coisotropic submanifold, then (T N)*2 is

involutive and thus arises from a maximal foliation F.
We assume that 2 € TN.

Theorem
If Misa manifold, N/ admitis an unique
structure compatible with the one on M.
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Coisotropic reduction
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If N < M is a coisotropic submanifold, then (T N)*2 is
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Theorem

If M is a contact manifold, N/% admitis an unique contact
structure compatible with the one on M.
If Misa manifold:

10/M



Coisotropic reduction

Proposition

If N < M is a coisotropic submanifold, then (T N)*2 is
involutive and thus arises from a maximal foliation F.

We assume that 2 € TN.

Theorem

If M is a contact manifold, N/% admitis an unique contact
structure compatible with the one on M.
If M is a cocontact manifold:

- If 2 € TN, N/ inherits an unique structure
from M.
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Coisotropic reduction

Proposition

If N < M is a coisotropic submanifold, then (T N)*2 is
involutive and thus arises from a maximal foliation F.

We assume that 2 € TN.

Theorem

If M is a contact manifold, N/% admitis an unique contact
structure compatible with the one on M.

If M is a cocontact manifold:

. If% € TN, N /¥ inherits an unique cocontact structure
from M.
« If TN Cimt, @ (£), N/ inherits an unique
structure from M.
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