Graded Poisson brackets in classical field
theories

Q-Math Seminar

Rubén Izquierdo-Lépez, joint work with M. de Ledn
4 February, 2025

ICMAT-UNIR



Structure of the talk

Poisson and Dirac structures in Classical Mechanics
Summary of multisymplectic field theory

Graded Poisson and Dirac structures

Dynamics: Application to almost-regular Lagrangians (work in
progress)



Poisson and Dirac structures in
Classical Mechanics



Poisson structures

Definition
A Poisson structure on a smooth manifold M is a bracket {-, -} defined
on C°°(M) that satisfies:

= Skew-symmetry, {f.g} = —{g,f}
» Leibniz identity, {fh,g} = f{h,g} + h{f, g}
= Jacobi identity, {f,{g, h}} + {h,{f,g}} +{g,{h,f}} =0.
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Definition
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on C°°(M) that satisfies:
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Equivalently, a Poisson structure can be given by

= A bivector field A € X?(M) such that [A,A] = 0.
({f. g} = A(df, dg)),

= A skew-symmetric map f: T*M — TM satisfying some integrability
conditions,

= A foliation of M by symplectic leaves.



Going degenerate: Dirac structures

Definition
A Dirac structure on a smooth manifold M is a bracket {-,-} defined on

C=(U)k = {f € C¥(U) : X(f) = 0,¥X € K},

for every U open subset, where K is a smooth integrable distribution on
M (maybe not of constant rank) that satisfies
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Going degenerate: Dirac structures

Definition
A Dirac structure on a smooth manifold M is a bracket {-,-} defined on

C=(U)k = {f € C¥(U) : X(f) = 0,¥X € K},

for every U open subset, where K is a smooth integrable distribution on
M (maybe not of constant rank) that satisfies

= Skew-symmetry, {f,g} = —{g,f}

= Leibniz identity, {fh,g} = f{h,g} + h{f, g}

= Jacobi identity, {f,{g,h}} + {h.{f,g}} +{g.{h,f}} =0.

Equivalently, a Dirac structure can be given by

= An involutive and Lagrangian subbundle L C TM &y T*M.

= A integrable and skew-symmetric map f: S — TM/K, where
S C T*M is a subbundle and K = S° is an integrable distribution,

= A foliation of M by pre-symplectic leaves. 4



Translate this picture to classical field theories.
More particularly,

Find an equivalence between brackets and some tensorial object.

. . Classical field theories
Classical mechanics
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Summary of multisymplectic field
theory



The geometric setting

= Fields, denoted by ¢, are sections of a fibered manifold Y = X.



The geometric setting

= Fields, denoted by ¢, are sections of a fibered manifold Y = X.

= A first order variational problem is defined through a Lagrangian
density £ on J'myx (which defines an n-form on X at each point),

with local expression
L=L(x"y Z/i)an,
and the action can be expressed as

71¢] = /X (') L.






Stationary sections

= We define the multisymplectic form as
Qg = —deg,

where oL oL
=——dy' Nd"'x, — [z, =— — L) d"x
0z, "0z,

O

is the Poincaré-Cartan form.



Stationary sections

= We define the multisymplectic form as
Qg = —d@g,

where

O, oL dy' Ad"x, — ( i oL L> d"x

pr— - z —_—
i 14 i
6ZM GZM
is the Poincaré-Cartan form.

= Stationary fields (solutions to the field equations) are characterized
by
(*¢)*1,Qr = 0, for every n € X(J'7).

Aoy o
dxe \ oz, ) oy

In coordinates,



Hamiltonian formalism |

= The extended Hamiltonian formalism takes place in
n n
/\ Y ={ac /\ T*Y @ tere,r =0, where ¢ € ker dr},
2

7Y — X. Locally, these forms can be expressed as

a=pd"x + pl'dy’ Ad"x,.
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Hamiltonian formalism |

= The extended Hamiltonian formalism takes place in
n n
/\ Y ={ac /\ T*Y @ tere,r =0, where ¢ € ker dr},
2

7Y — X. Locally, these forms can be expressed as

a=pd"x + pl'dy’ Ad"x,.

= Therefore, we have coordinates (x*,y’, p', p) representing the
previous form. We have a canonical multisymplectic structure,

Q=—dpAd"x —dpl' Ady' ANd" " x,.

= We can obtain the Poincaré cartan form on Ji7 as

Q[, = Legz Qa

oL 4 i oL
? 0zl L 2 9z},
transformation. 9

where Leg,(x",y', z},) = (x*,y’ ) is the Legendre



Hamiltonian formalism |1

= We also have a reduced Hamiltonian formalism, which takes place in
2= A\Y/N\Y,
2 1

where {« € \" T*M : tea = 0, e € ker dr}, locally, « = pd"x. So
we have natural coordinates (x, y', pl').

10
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= We also have a reduced Hamiltonian formalism, which takes place in
2= A\Y/N\Y,
2 1

where {« € \" T*M : tea = 0, e € ker dr}, locally, « = pd"x. So
we have natural coordinates (x, y', pl').
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denotes the projection.
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Hamiltonian formalism |1

= We also have a reduced Hamiltonian formalism, which takes place in
2= A\Y/N\Y,
2 1

where {« € \" T*M : tea = 0, e € ker dr}, locally, « = pd"x. So
we have natural coordinates (x, y', pl').

= Then, we obtain the reduced Legendre transformation
leg, := 7o Leg,, where

n
T A\Y =2z
2
denotes the projection.
= |n order to obtain the field theory on Z* we need a Hamiltonian
section

h:Z*—>/n\Y.
2

10



Equivalence (with regular Lagrangians)

(A3 Y,Q) Extended Hamiltonian
A
Leg, T h
+ i
Lagrangian (17, Qp) —tege — (Z%,Q8) Reduced Hamiltonian

>
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Equivalence (with regular Lagrangians)

(A3 Y,Q) Extended Hamiltonian
A
Leg, T h
+ i
Lagrangian (17, Qp) —tege — (Z%,Q8) Reduced Hamiltonian

>

¢ is stationary < (j1¢)*1eQz = 0 & 1 Q) = 0.
In coordinates, '
oyl OH 9y’ 9H
oxk Oy’ Oxn (9p/’;'
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Graded Poisson and Dirac
structures



Multisymplectic manifolds

In order to work with any of the formalisms (Lagrangian, extended
Hamiltonian, reduced Hamiltonian), we will work abstractly with a
multisymplectic manifold, (M,w), a manifold M together with a closed
(n+1)—form.

12



Multisymplectic manifolds

In order to work with any of the formalisms (Lagrangian, extended
Hamiltonian, reduced Hamiltonian), we will work abstractly with a
multisymplectic manifold, (M,w), a manifold M together with a closed
(n+1)—form.

We have already a lot of examples:

(J17,Qr), where £ is a Lagrangian;
= (A\Y. Q)
= (

(

VANY) ) where h: Z* — A5 Y is a Hamiltonian section;

)

M, w), where M is an orientable manifold and w is a volume form.

12



Hamiltonian multivector fields and Hamiltonian forms

On every multisymplectic manifold, we have the corresponding
generalization of Hamiltonian vector fields:

13



Hamiltonian multivector fields and Hamiltonian forms

On every multisymplectic manifold, we have the corresponding
generalization of Hamiltonian vector fields:

Definition
A multivector field U € X9(M) is called Hamiltonian if

Ly = da,

where a € Q"9(M) is called the corresponding Hamiltonian form.
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Hamiltonian multivector fields and Hamiltonian forms

On every multisymplectic manifold, we have the corresponding
generalization of Hamiltonian vector fields:

Definition
A multivector field U € X9(M) is called Hamiltonian if

Ly = da,

where a € Q"9(M) is called the corresponding Hamiltonian form.
We have the following:

Proposition

If U,V are Hamiltonian multivector fields of degree p,q. Then [U, V] is
a Hamiltonian multivector field of order p 4+ q — 1. The corresponding
Hamiltonian form is

(—1)qLU/\\/Q.

13



Graded Poisson brackets

The previous proposition induces the following:

Definition
Let o, 8 be Hamiltonian forms of order k — p, k — q, respectively. Define
their Poisson bracket

{Oé, 5} = (71)qLU/\VQa

where U, V are their respective Hamiltonian multivector fields.

14



Graded Poisson brackets

The previous proposition induces the following:

Definition

Let o, 8 be Hamiltonian forms of order k — p, k — q, respectively. Define
their Poisson bracket

{aaﬂ} = (71)qLU/\VQa
where U, V are their respective Hamiltonian multivector fields.
Then, we have

Theorem
Modulo exact forms, the previous brackets defines a graded Lie algebra

on the space of Hamiltonian forms

Question: Does this recover the multisymplectic form?

14



Properties of graded Poisson brackets

If we set deg 5 := k — order of 3, then th Poisson bracket satisfies:

= [t is graded:
deg{a, 8} = deg v + deg 3;
= |t is graded-skew-symmetric:
{a. B} = —(-1)*e 9?5, a};

w Jtis local: If daly =0, {a,B}|x =0
» [t satisfies graded Jacobi identity (up to an exact term):

(—1)deeadeer (1 B} 4} + cyclic terms = exact form.

15



Properties of graded Poisson brackets

If we set deg 5 := k — order of 3, then th Poisson bracket satisfies:

= [t is graded:
deg{a, 8} = deg v + deg 3;
= |t is graded-skew-symmetric:
{a. B} = —(-1)*e 9?5, a};

w Jtis local: If daly =0, {a,B}|x =0
» [t satisfies graded Jacobi identity (up to an exact term):

(—1)deeadeer (1 B} 4} + cyclic terms = exact form.

= [t satisfies Leibniz identity: For a=k, if BAdy € QbH+C_1(M), then

{BAdy,a} ={B,a} Ady+ (1) “8PdB A {v,a};

» [t is invariant by symmetries: If X € X(M) and £xa = 0, then
ixa € Q27%(M) and

{txa, B} = (—1)"8" 1x{a, B}; 15



Onto the definitions...

First, we look at the linearized version:

Definition
Let M be a manifold. A graded Dirac structure of order n is a tuple

(5%, Ky, £2), where S? C A\? M is a vector subbundle of forms,
K, C \/p M(= AP TM) is a subbundle of multivectors, and

f2:5° = \/ M/Kni,
n+l—a

are linear bundle maps sastifying:

16



Onto the definitions...

First, we look at the linearized version:

Definition
Let M be a manifold. A graded Dirac structure of order n is a tuple
(5%, Ky, £2), where S? C A\? M is a vector subbundle of forms,

K, C \/p M(= AP TM) is a subbundle of multivectors, and
f2:5° = \/ M/Kni,
n+l—a
are linear bundle maps sastifying:
= K, =(5%)°P, for p < a.
= The maps f, are skew-symmetric, that is,

(_1)(n+1fa)(n+1fb)

L ()P = Ly (B) s

for all a« € S2, 3 € SP.

16



And it is integrable:

= |t is integrable: For ao: M — S2, 3 : M — SP sections such that
a+ b<2n+1, and U, V multivectors of order p=n—+1— a,
g = n+1— b, respectively such that

fa(a) = U+ Ko, i(B) =V + Kq,

we have that the (a+ b — k)-form

0:= (_1)(p_1)qfuﬁ +(-1)7Eva — %d(wa + (=1)P%yB)

takes values in S,.p_, and

farb—k(0) = [U, V] + Kpig-1.

17



Field theories as an example

Let (M,w) be a multisymplectic manifold of order n, that is, the form w
must satisfy ¢,w = 0 if and only if v = 0. Then, the (linear)
correspondence between Hamiltonian multivector fields and forms defines

a graded Dirac structure of order n:

18



Field theories as an example

Let (M,w) be a multisymplectic manifold of order n, that is, the form w
must satisfy ¢,w = 0 if and only if v = 0. Then, the (linear)
correspondence between Hamiltonian multivector fields and forms defines

a graded Dirac structure of order n:

S?P={ww:Uce \/ M},

n+l—a
Ky, = kerpw;
. f4,:57— \/n+lfa /Knt1—a is given by
fa(a) = U + Kyy1—5 if and only if cyw = a.
In this case, £, are the inverse of the b, (contraction) maps induced by w.

18



Relationship with graded Poisson brackets

Given a graded Dirac structure on M, (52, 4,, K;,), we can define a
Hamiltonian form as an (a — 1)—form, « such that da € S°.

Definition
The Poisson bracket of Hamiltonian forms is given by

{av ﬁ} = (_1)degﬁbﬁb(d5)da

It satisfies all previous properties and, furthermore,

19



Relationship with graded Poisson brackets

Given a graded Dirac structure on M, (52, 4,, K;,), we can define a
Hamiltonian form as an (a — 1)—form, « such that da € S°.

Definition
The Poisson bracket of Hamiltonian forms is given by

{av /))} = (_1)degﬁbﬁb(d5)da

It satisfies all previous properties and, furthermore,

Theorem
Under some integrability conditions on the sequence of subspaces 52, any

graded Dirac structure on this family is completely characterized by the
graded Poisson bracket it induces. That is, we get a 1-1 correspondence

{Graded Poisson structures} = { Graded Poisson brackets}.

19
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= The quest of finding a bracket formulation of field theories.
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= The quest of finding a bracket formulation of field theories.

= Tools.

Symplectic Poisson Dirac
Easily restricted? Yes No Yes
Easily Quotiented? No Yes Yes

Multisymplectic

Graded Poisson

Easily restricted?

Yes

No

Easily Quotiented?

No

Yes

20



Integrability conditions

What are the integrability conditions on the sequence $77

21



Integrability conditions

What are the integrability conditions on the sequence $77

= Locally, there exists Hamiltonian forms v; € Q2 %(U), and functions
f! such that
SP = (df] A dvyi);
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Integrability conditions

What are the integrability conditions on the sequence $77

= Locally, there exists Hamiltonian forms v; € Q2 %(U), and functions
f! such that
SP = (df] A dvyi);

= For each 1 < a < k, locally, there exists a family of Hamiltonian
forms forms v/, and a family of vector fields X/ such that

S% = (dv) £xv =0,
and

5371 _ <dej“/j>.

21



Idea of the Proof

(0,4) =255 (1,4) 2225 (2,4) 25, (3,4) 222, (4,4
(1.3) (2.3) (3.3) 4,3)

(2,2) (3.2) (4,2)

(3.1) (4.1)

Step 3

(4,0)

22



Dynamics: Application to
almost-regular Lagrangians (work
in progress)




Recall:

(A5 Y,9Q) Extended Hamiltonian
X
Leg, “r h
+ i
Lagrangian (S, Qp) —lege — (Z*,Qp) Reduced Hamiltonian

7

¢ is stationary < (j1¢)*1eQ = 0 & 1 Q) = 0.

In coordinates, _
ot B _(’)H o' OH
Oxr 9y oxr Opi’

23



Examples of regular Lagrangians:

24



Examples of regular Lagrangians:

= [Mechanical Lagrangians from classical mechanics,

L= (;g,-j(q, t)a'¢d — V(q, t)) dt.
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Examples of regular Lagrangians:

= [Mechanical Lagrangians from classical mechanics,

£~ (Jeta.04d - Via.0) a

= Klein-Gordon,

- (;ama% - V(¢)) V=gdx.

24



Examples of singular (and more interesting) Lagrangians:

25



Examples of singular (and more interesting) Lagrangians:

= Electromagnetism,

1
(_4F " Fu, +j“A#> V=gd™,

25



Examples of singular (and more interesting) Lagrangians:

= Electromagnetism,

1
(_4F " Fu, +j“A#> V=gd™,

= (Abelian) Chern-Simons,

1
L= e FuAcdx.

25



Examples of singular (and more interesting) Lagrangians:

= Electromagnetism,

1
(_4F " Fu, +j“A#> V=gd™,

= (Abelian) Chern-Simons,
1

L= e FuAcdx.
= BF-theory: Given a principal bundle P — M®*),
L=K[BAF],

where B is a 2-form taking values in the adjoint bundle, F is the
curvature form of a connection A, and K is an invariant metric.
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Examples of singular (and more interesting) Lagrangians:

= Electromagnetism,

1
(_4F " Fu, +j“A#> V=gd™,

= (Abelian) Chern-Simons,
1

L= e FuAcdx.
= BF-theory: Given a principal bundle P — M®*),
L=K[BAF],

where B is a 2-form taking values in the adjoint bundle, F is the
curvature form of a connection A, and K is an invariant metric.

If we aim to do field theory in the Hamiltonian setting, we
need to incorporate singular Lagrangians.

25



Proposed framework:

Recall:

Multisymplectic

Graded Poisson

Graded Dirac

Easily restricted?

Yes

No

Yes

Easily Quotiented?

No

Yes
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Proposed fr work:

Recall:

Multisymplectic

Graded Poisson

Graded Dirac

Easily restricted?

Yes

No

Yes

Easily Quotiented?

No

Yes

Definition (Almost-regular Lagrangian)

Let 7 : Y — X be a fibered manifold. A Lagrangian density £ on J'7 is
said to be almost-regular if its Legendre transformation leg, defines a

submersion onto its image.

26



Proposed fr work:

Recall:
Multisymplectic Graded Poisson Graded Dirac
Easily restricted? Yes No Yes
Easily Quotiented? No Yes Yes

Definition (Almost-regular Lagrangian)
Let 7 : Y — X be a fibered manifold. A Lagrangian density £ on J'7 is

said to be almost-regular if its Legendre transformation leg, defines a

submersion onto its image.

= Begin with A7 Y, which is multisymplectic (and non-degenerate).
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Definition (Almost-regular Lagrangian)
Let 7 : Y — X be a fibered manifold. A Lagrangian density £ on J'7 is

said to be almost-regular if its Legendre transformation leg, defines a

submersion onto its image.

= Begin with A7 Y, which is multisymplectic (and non-degenerate).
= Reduce this structure to A, Y — A Y/ A] Y, which inherits a
canonical graded Poisson structure.
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Definition (Almost-regular Lagrangian)
Let 7 : Y — X be a fibered manifold. A Lagrangian density £ on J'7 is

said to be almost-regular if its Legendre transformation leg, defines a

submersion onto its image.

= Begin with A7 Y, which is multisymplectic (and non-degenerate).

= Reduce this structure to A, Y — A Y/ A] Y, which inherits a
canonical graded Poisson structure.

= Now take an almost-regular Lagrangian density £ on J'x.
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Proposed framework:

Recall:

Multisymplectic

Graded Poisson

Graded Dirac

Easily restricted?

Yes

No

Yes

Easily Quotiented?

No

Yes

Definition (Almost-regular Lagrangian)
Let 7 : Y — X be a fibered manifold. A Lagrangian density £ on J'7 is

said to be almost-regular if its Legendre transformation leg, defines a

submersion onto its image.

Begin with A5 Y, which is multisymplectic (and non-degenerate).

Reduce this structure to A, Y — A5 Y/ /] Y. which inherits a

canonical graded Poisson structure.

Now take an almost-regular Lagrangian density £ on J'x.

Calculate its image leg.(J'm) C A3 Y/ AL Y.

Restrict the graded Poisson structure to a graded Dirac structure on
leg,(J'). 26



Dynamics on graded Dirac manifolds |

Definition (Fibered graded Dirac manifold)
Let 7: M — X be a fibered manifold. A fibered graded Dirac structure

on M is a graded Dirac structure on M, #, : S” — TM/Kj such that:

= {semi-basic forms} C 5",
= #,({semi-basic forms}) = 0.

27



Dynamics on graded Dirac manifolds |

Definition (Fibered graded Dirac manifold)
Let 7: M — X be a fibered manifold. A fibered graded Dirac structure
on M is a graded Dirac structure on M, #, : S” — TM/Kj such that:

= {semi-basic forms} C 5",

= #,({semi-basic forms}) = 0.
Define S"t1 := S A S, and

QY (M) = {a € QM) : da € S™11.

Theorem .
There exists a canonical extension of the graded Poisson bracket defined
for0 < orderaa < n-—1 to

Qi H(M) @ Qpy (M) — Q5 (M).

27



Dynamics on graded Dirac manifolds Il

Definition (Hamiltonian)
A Hamiltonian is a form © € Qf,(M).

28



Dynamics on graded Dirac manifolds Il

Definition (Hamiltonian)
A Hamiltonian is a form © € Qf,(M).

Definition (Solution to HDW equations)

A solution to HDW equation of the dynamics determined by a
Hamiltonian © on a fibered graded dirac manifold 7 : M — X is a section
1 : X — M such that

¢ (da) = (da+{a, ©}) 0 9,

for every Hamiltonian form a € Qf,*(M).

28



Dynamics on graded Dirac manifolds Il

Definition (Hamiltonian)
A Hamiltonian is a form © € Qf,(M).

Definition (Solution to HDW equations)
A solution to HDW equation of the dynamics determined by a
Hamiltonian © on a fibered graded dirac manifold 7 : M — X is a section

1+ X — M such that
¢ (da) = (da+{a, ©}) 0 9,
for every Hamiltonian form a € Qf,*(M).

Remark
The second term is always semi-basic.
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Example I: Classical Mechanics

Let , )
Y=QxR-R = A\Y/A\YZTQxR,
2 1

and the "graded" Poisson structure induced by the reduction is the usual
Poisson structure induced by the bivector
0 0

A= . .
aq’ . opi

29



Example I: Classical Mechanics

Let
n n
Y=QxR-R = A\Y/A\YZTQxR,
2 1

and the "graded" Poisson structure induced by the reduction is the usual
Poisson structure induced by the bivector

0 1o}
AN=—A .
dq'  Opi
The Hamiltonian would then be
© = Hdt — p;dq’,

for certain H(q', p;, t).
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Example I: Classical Mechanics

Let , )
Y=QxR-R = A\Y/A\YZTQxR,
2 1

and the "graded" Poisson structure induced by the reduction is the usual
Poisson structure induced by the bivector

0 1o}
AN=—A .
dq'  Opi
The Hamiltonian would then be
© = Hdt — p;dq’,

for certain H(q', p;, t). Then,
of OH  Of 0H> dt of . Of

f = - - - - d - i
1.0} <3q’ opi  Opi Oq’ oq 7 op P
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Example I: Classical Mechanics

Let , )
Y=QxR-R = A\Y/A\YZTQxR,
2 1

and the "graded" Poisson structure induced by the reduction is the usual

Poisson structure induced by the bivector

0 1o}
AN=—A .
dq'  Opi
The Hamiltonian would then be
© = Hdt — p;dq’,

for certain H(q', p;, t). Then,
of OH Of OH of . Of
f = - — - | dt dq'
.6} <8q’ opi  Op;i 0q’> 7

“ag T op
so that the equations read

of  Of OH Of OH
' (df) = df + {f, 0} <at "o op  op 8q’>
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Example Il: Electromagnetism

The Lagrangian £ = (—%F“”FM + j*A,)d"x defines the following
constraints:
FH 4+ FYF = 0.
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The Lagrangian £ = (—%F"F,, + j*A,)d"x defines the following
constraints:
F* + FYF* = 0.

The induced graded Dirac structure (in fact, Poisson) on the constraint
submanifold is the following:

0
Qv n—1 -~
ﬂn(dF Ad Xu) 8AM7
0 0
n—1 n—1 — —
fn(dAL A d" x, — dA, A" Tx,) = OF — QFvi’

£a(d"x) = 0.
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Example Il: Electromagnetism

The Lagrangian £ = (—%F"F,, + j*A,)d"x defines the following
constraints:
F* + F"F = 0.

The induced graded Dirac structure (in fact, Poisson) on the constraint
submanifold is the following:

0
Qv n—1 -~
ﬂn(dF Ad Xu) 8AM7
0 0
n—1 n—1 — —
fn(dAL A d" x, — dA, A" Tx,) = OF — QFvi’

£a(d"x) = 0.

Then, the Hamiltonian is

1
©= <_4FMVF;LV __/WA#> d"x — FMVdA” A dn_le,.
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Example Il: Electromagnetism continued

Then, the Poisson brackets are
{F""d" 'x,,0} = jd"x — dF"" A d"1x,,

{ALd" 1, —A,d" X, 0} = F,,d"x—(dA, A d"x, — dA, A d"1x,)
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Example Il: Electromagnetism continued

Then, the Poisson brackets are
{F""d" 'x,,0} = jd"x — dF"" A d"1x,,
{ALd" 1, —A,d" X, 0} = F,,d"x—(dA, A d"x, — dA, A d"1x,)

so that equations of motion read

(9/:”“ o o aA’u, aAI/
oxe 4T T G T Gy

which are Maxwell's equations.
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Example Il: Electromagnetism continued

Then, the Poisson brackets are
{F""d" 'x,,0} = jd"x — dF"" A d"1x,,

{ALd" 1, —A,d" X, 0} = F,,d"x—(dA, A d"x, — dA, A d"1x,)

so that equations of motion read

(9/:”“ o o aA’u, aAI/
oxe 4T T G T Gy

which are Maxwell's equations.

Remark
The same would work for any almost-regular Lagrangian, giving a theory
of Poisson brackets, and dynamics in terms of them.
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multisymplectic one defined by .7
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Final remarks and future research

Why use the induced graded Dirac structure instead of the
multisymplectic one defined by .7

It enlarges the set of Hamiltonian forms, ad thus provides a more
complete theory of brackets.

Thus, it changes the defining object in the geometry:

= Before: Geometry defined by the multisymplectic form Q;, = —d©,,.

= Now: Geometry defined by the induced graded Dirac structure, and
Oy, is "demoted" to a dynamical interpretation.

For future research, we are interested (ongoing work) in extending the
brackets presented to allow a description of the evolution of arbitrary
Hamiltonian forms, thus provinding a way of looking for more general
conserved quantities.
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Are there non ial examples?

= Dirac structures = Pre-symplectic foliations.

= Graded Dirac structures = Multisymplectic (possibly degenerate)
foliations.

= Multisymplectic foliations (with some technical conditions) —>
Graded Dirac structures.

= The correspondences are not inverse of the other!
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Are there non-trivial examples? Yes!
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