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The geometric setting |

= Fields, denoted by ¢, are sections of a fibered manifold
Y & X.



The geometric setting |

= Fields, denoted by ¢, are sections of a fibered manifold
Yy & X.

= A first order variational problem is defined through a
Lagrangian density £ on J'myx (which defines an n-form
on X at each point), with local expression

L=L(x"y" z;;)d”x,

and the action can be expressed as
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The geometric setting Il




Stationary sections

= We define the multisymplectic form as

Q= —dO,,
where
oL . - OJL
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O, oz ly' A X, <ZM o] L) d"x

is the Poincaré-Cartan form.



Stationary sections

= We define the multisymplectic form as

Q£ = —deg,
where
oL - OL
_ d i dn—l o i - L dn
O, ozl A X, <Z"62}’l ) X

is the Poincaré-Cartan form.
= Stationary fields (solutions to the field equations) are
characterized by

(fl¢)*LnQ£ =0, for every n € X(J'n).
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In coordinates,
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F Cantrijn, Alberto Ibort, and Manuel Leén. “Hamiltonian
structures on multisymplectic manifolds”. In: Rend. Sem.
Mat. ... 54 (Jan. 1996)

Theorem

Let w € Q" (M) be a closed form. Then, there is a subfamily
of forms Q3,(M) C Q?(M), for 0 < a < n—1 and a bracket

Q3,(M) © Qf(M) L Q7D ()

that is graded-skew-symemtric and satisfies the graded Jacobi
identity up to an exact term.
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Theorem
Let w € Q" (M) be a closed form. Then, there is a subfamily

of forms Q3,(M) C Q?(M), for 0 < a < n—1 and a bracket
Q3,(M) © Qf(M) L Q7D ()

that is graded-skew-symemtric and satisfies the graded Jacobi
identity up to an exact term.
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Conserved quantities in field theories |l

For a € Q*(M):

/a:/ a—/ a <— da=0.
th Xt2 OX x [tl,t2]



Proposed problem

Problem (that we would like to solve): Find all conserved
quantities ~ Find forms that are closed on solutions.



Proposed problem

Problem (that we would like to solve): Find all conserved
quantities ~ Find forms that are closed on solutions.

Problem (that we solve): Determine evolution of forms via
some bracket:

Y*(da) = da+ {a, H},
where 1) is a solution of the corresponding PDE and « is some

a-form.
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Geometric stage and algebraic

structure of observables




General setup for field equations

Let 7 : M — X denote a fibered manifold, n = dim X. Let:

(i) ai,...,ax € Q™Y M) be semi-basic forms (representing
observables).

(i) P1,--., 0k € Q"(M) be semi-basic forms (representing
evolution of observables).
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General setup for field equations

Let 7 : M — X denote a fibered manifold, n = dim X. Let:

(i) ai,...,ax € Q™Y M) be semi-basic forms (representing
observables).

(i) P1,--., 0k € Q"(M) be semi-basic forms (representing
evolution of observables).

We deal with partial differential equations with the following
structure*:

Y*(da;) = Bi o1, where 1p : X — M is a section.
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Examples (equations)

(i) Hamilton equations:
(a) Fiber bundle: T*Q x R — R.
(b) Semi-basic forms: ¢, p;, t.

(c) Basic forms: g—gdt,—ggdt, dt.
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Examples (equations)

(i) Hamilton equations:
(a) Fiber bundle: T*Q x R — R.
(b) Semi-basic forms: ¢, p;, t.
(c) Basic forms: g—gdt,—ggdt, dt.
(ii) Hamilton—-De Donder-Weyl! equations:
a) Fiber bundle: (covariant phase space — X.
Fiber bundl h NY/ANY =X
emi-basic forms: y'd"1x,, ptd"1x,, 1x*d""1x,.
b) Semi-basic f idn1x,, ptd"1x,, 1xtd"1x,

: . OH gn OH 3n n
(c) Basic forms: 8p;‘d x, —grd"x, d"x.
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Examples (equations)

(i) Hamilton equations:
(a) Fiber bundle: T*Q x R — R.
(b) Semi-basic forms: ¢, p;, t.
(c) Basic forms: g—gdt,—ggdt, dt.
(ii) Hamilton—-De Donder-Weyl! equations:
(a) Fiber bundle: (covariant phase space) A3 Y/ AT Y — X.
(b) Semi-basic forms: y’d"~1x,, pl'd"1x,, Ixtd""1x,.
(c) Basic forms: gp’;’t d"x, —g}'}d”x, d"x.
(iii) Yang—Mills equations:
(a) Fiber bundle: Imleg, — X.
(b) Semi-basic forms:
Al dm 1y, — ALd™x,, FIYd"lx,, txtdmx,.
(c) Basic forms:
i i AJ AK n i FRY Ak n n
(Fi, = FALAL) dox, (—FFIAL) d7x, d7x. "




Algebraic structure of observables

The observables a; ..., a, € Q"71(M) allow us to define the
space of Hamiltonian forms:

QM) == {a € Q"1 (M): da € (day, ... day)}.

13



Algebraic structure of observables

The observables a; ..., a, € Q"71(M) allow us to define the
space of Hamiltonian forms:

QM) == {a € Q"1 (M): da € (day, ... day)}.

Assumption 1: There is a bracket {-,-} on the space of
Hamiltonian forms satisfying the following properties:

(i) It is skew-symmetric: {«, 5} = —{5, a}.
(ii) It satisfies the Jacobi identity up to an exact term:

{a, {8, 7} +{B, {v.a}} + {7, {a, B} } = exact form.

(iii) It vanishes on closed forms: da =0 = {a, 5} = 0.
(iv) There is a correspondence o — X, such that

{a, B} = 1x,da.
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Examples (algebraic structure)

(i) Hamilton equations: Non vanishing brackets:

{q'.p} =0].
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Examples (algebraic structure)

(i) Hamilton equations: Non vanishing brackets:

{q'.p} =0].

(ii) Hamilton—De Donder—Weyl equations: Non vanishing
brackets:

{y"d”’lxu, p}’d”’lxy} = 6J’fd"’1xl, .
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Examples (algebraic structure)

(i) Hamilton equations: Non vanishing brackets:

{q'.p} =0].

(ii) Hamilton—De Donder—Weyl equations: Non vanishing
brackets:

{y"d”’lxu, p}’d”’lxy} = 6J’fd"’1xz, .

iii) Yang—Mills equations: Non vanishing brackets:
g

Ald"x, — ALd"x, FOPAmtx,) = 616%P " txg .
L v / J B B

JY v
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Hamiltonian forms of arbitrary order |

Definition

We say that a form a € Q?(M) is special Hamiltonian if there
is a semi-basic form 3 € Q*™(M) such that ¢*(da) = Bo 1,
for every solution of the equations. The space of special
Hamiltonian a-forms is denoted by Q3,(M).

Remark
If € Q"=Y(M) is special Hamiltonian, oc € Q};1(M).
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Hamiltonian forms of arbitrary order |

Definition
We say that a form a € Q?(M) is special Hamiltonian if there

is a semi-basic form 3 € Q*(M) such that ¢*(da) = S o1,
for every solution of the equations. The space of special
Hamiltonian a-forms is denoted by Q3,(M).

Remark
If € Q"=Y(M) is special Hamiltonian, oc € Q};1(M).

Theorem (de Ledn, lzquierdo-Lépez 2025)
a € Q?(M) is special Hamiltonian if and only if

aAe € QIHM), for every closed and basic ¢ € Q"172(M).
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Hamiltonian forms of arbitrary order |l

Definition
A form a € Q3(M) is called Hamiltonian if

da € LA myldan, ... dag). We denote by Qf, (M) the

space of Hamiltonian a-forms.

Proposition
Q7 (M) < Qi (M)
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Hamiltonian forms of arbitrary order |l

Definition
A form a € Q3(M) is called Hamiltonian if

da € LA myldan, ... dag). We denote by Qf, (M) the
space of Hamiltonian a-forms.

Proposition
Q7 (M) < Qi (M)

Theorem (de Ledn, lzquierdo-Lopez 2025)
There is an unique induced graded Poisson bracket

Q2 (M) ® Q5 (M) — Q5D (M)

that mantains the properties of the original bracket of
(n — 1)-forms. Furthermore*, special Hamiltonian forms define

a subalgebra. 6



ord P

Orc\ aé

(n-4)
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Hamiltonians and extensions of

brackets




Domain of definition of current brackets

—> degH = n.

Y*(da) = da+ {a, H}
deg{a,H} = degar +degH — (n— 1)
But:
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Domain of definition of current brackets

—> degH = n.

Y*(da) = da+ {a, H}
deg{a,H} = degar +degH — (n— 1)
But:
ord P

Ogm@
a%e[wm -5;2

ch-1) :,Dmms

J

Cn-1) r’)
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First extension of the brackets |

Theorem (de Ledn-lzquierdo Lépez 2025)
There exists an unique extension of {-,}

Qi (M) ® Qp(M)[1] — Q7 (M)[1]

for arbitrary a > 0 that satisfies the properties of {-,-}.
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First extension of the brackets |

Theorem (de Ledn-lzquierdo Lépez 2025)
There exists an unique extension of {-,}

Qi (M) ® Qp(M)[1] — Q7 (M)[1]

for arbitrary a > 0 that satisfies the properties of {-,-}.

Assumption 2: There exists a form H € Q"(M)[1], the
Hamiltonian, such that

¢*(da) = da +{a, M},
for every solution ¢ and a € Q1 (M).
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First extension of the brackets Il

Current domain of definition:

ord P

a/a(jQLfo\ é;g

Cn— A MRS

Cn-4)
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Examples (Hamiltonians)

(i) Hamilton equations:

H = Hdt — p,dql
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Examples (Hamiltonians)

(i) Hamilton equations:

H = Hdt — p,dql

(ii) Hamilton—De Donder—Weyl equations:
H = Hd"x — pl'dy’ Ad""'x,.
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Examples (Hamiltonians)

(i) Hamilton equations:

H = Hdt — p,dql

(ii) Hamilton—De Donder—Weyl equations:
H = Hd"x — pl'dy’ Ad""'x,

(iii) Yang—Mills equations

1 .
M= (=G FIEL + SEFPALAY) dhx—FaA Ay,
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Examples (Hamiltonians)

(i) Hamilton equations:

H = Hdt — p,dql

(ii) Hamilton—De Donder—Weyl equations:
H = Hd"x — pl'dy’ Ad""'x,

(iii) Yang—Mills equations

1 ) .
M= (=G FIEL + SEFPALAY) dhx—FaA Ay,

0 ki

Hamiltonian = Poincaré—Cartan form
21



Final extension of the bracket |

Question: Can we interpret ¢*(da) = da + {«, H}, for
arbitrary o € Q3 (M)?

22



Final extension of the bracket |

Question: Can we interpret ¢*(da) = da + {«, H}, for
arbitrary o € Q3 (M)?

ord P

cher
b o]
(n*n :poru}\i

/

Cro-4)

- 1) orc‘o&
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Final extensions of the brackets ||

Problem: There is no unique extension of the bracket to order
a<n-—1

Nevertheless,
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Final extensions of the brackets ||

Problem: There is no unique extension of the bracket to order
a<n-—1

Nevertheless,

Theorem 2de Ledn, lzquierdo-Lépez 2025)
There is a bijective correspondence between the possible
extensions of the bracket and affine maps

7 : {Hamiltonians} — {Ehresmann connections on 7 : M — X}

such that v(H) solves the Hamilton—De Donder—Weyl
equations of H, for every H.
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Final extension of the bracket Il

Corollary
Let v be such a map, H be a Hamiltonian, and i) be an
integral section of v(H). Then

Y*(da) = da+ {a, H},,

for every o € Q3,(M).

24



Final extension of the bracket Il

Corollary
Let v be such a map, H be a Hamiltonian, and i) be an

integral section of v(H). Then
Y*(da) = da+ {a, H},,

for every o € Q3,(M).

Corollary
Let o be a special Hamiltonian form. Then, the bracket
{o, H}., is independent of extension {-,-}.,, for every

Hamiltonian H.
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Technical remarks

The construction was based on a generalization of the f
mapping associated to a graded Poisson bracket. In particular,
we generalized the techiniques employed in

1. Peter W. Michor. “A Generalization of Hamiltonian
Mechanics”. In: J. Geom. Phys. 2.2 (1985), pp. 67-82

2. Janusz Grabowski. “Z-Graded Extensions of Poisson
Brackets”. In: Rev. Math. Phys. 09.01 (1997), pp. 1-27

to extend the brackets.
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Final remarks and remaining questions

(i) The previous theoretical results seem to indicate that the

(i)

(iii)

subalgebra of special Hamiltonian forms is of high
relevance to a particular field theory. We would like to
compute these subelgebras for several almost regular
Lagrangians to further study these classical field theories.

We would also like to investigate the relation between
these extensions and the instantanous split formalism.

It is also interesting to investigate the implications of this
algebraic structure in the study of momentum maps and
reduction, employing the graded brackets.
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Thank you for your attention!
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