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ABSTRACT
There have been several attempts in recent years to extend the notions of symplectic and Poisson structures in order to create a suitable
geometrical framework for classical field theories, trying to achieve a success similar to the use of these concepts in Hamiltonian mechanics.
These notions always have a graded character, since the multisymplectic forms are of a higher degree than two. Another line of work has been
to extend the concept of Dirac structures to these new scenarios. In the present paper we review all these notions, relate them and propose and
study a generalization that (under some mild regularity conditions) includes them and is of graded nature. We expect this generalization to
allow us to advance in the study of classical field theories, their integrability, reduction, numerical approximations and even their quantization.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0243128

I. INTRODUCTION
As it is well-known, mechanics experienced a drastic change as soon as it was able to use symplectic geometry in its description. This

occurred in the 1950s and 1960s of the last century, and made it possible to obtain Hamilton’s equations as the integral curves of a vector
field on a symplectic manifold, in fact, on the cotangent bundle of the configuration space of the system. This implied a liberation from
coordinates and the possibility of obtaining the usual properties of mechanical systems (conservation of energy, other conserved quantities,
Noether’s theorem, integration, reduction procedures, Hamilton-Jacobi theory, Arnold–Liouville theorem and corresponding action-angle
coordinates. . .) in a simple and elegant way.

Consequently, one direction of research has been to extend symplectic geometry to more general situations describing classical field
theories. At the end of the 1960s, three groups of physicist-mathematicians independently developed a formalism called multisymplectic,
which sought to extend the symplectic of mechanics to this case.1–3 The difficulty of this new geometry is that, while symplectic geometry is
very rigid (it is always locally equivalent to the canonical one of a cotangent bundle via the Darboux theorem), the situation is very different in
the multisymplectic case. In the last 50 years, much effort has been made to achieve progress in this leading, and despite many achievements,
a theory as satisfactory as for mechanics has not yet been achieved, being still a field of research in full development.

A symplectic structure ω on a manifold M determines an algebraic structure in the function algebra C∞(M) through the Poisson bracket
defined by

{ f , g} = ω(X f, Xg),

where f , g ∈ C∞(M) and X f and X g are the corresponding Hamiltonian vector fields. The existence of the Poisson bracket allows not only
to express the evolution of the observables, but it is also key for quantization processes. But this algebraic structure on C∞(M) can also be
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interpreted on the manifold itself by defining the Poisson tensor as the bivector Λ given by

Λ(df , dg) = { f , g},

see Ref. 4. It is therefore natural that research has been directed toward generalizations of these notions in order to apply them to classical field
theories. The brackets were extended in Ref. 5 (see also Ref. 6 and more recently Ref. 7), defining a graded algebra. In this case, the duality of
Hamiltonian vector fields vs 1-forms is naturally extended to multivector fields and higher degree differential forms, since the multisymplectic
form allows for several levels.

Another piece in our way is the notion of Dirac structures: They were introduced independently by Courant8,9 and Dorfman10,11 as a
simultaneous generalization of presymplectic and Poisson structures. A Dirac structure on a manifold M is a maximal isotropic and involutive
vector subbundle D of TM ⊕ T∗M. These structures have remarkable properties that have been used in differential geometry as well as in
classical mechanics. There has been several approaches to generalize Dirac geometry to classical field theories.

In Ref. 12, looking for a formalism which unifies both the Lagrangian and Hamiltonian setting (usually called Skinner–Rusk formalism,
see Ref. 13), Vankerschaver, Yoshimura, and Leok defined a multi-Dirac structure of degree k on a manifold M to be a sequence of vector
sub-bundles D1, . . . , Dk,

Dp ⊆ Ep =⋁
p

M⊕M

k+1−p

⋀ M,

where 1 ≤ p ≤ k, and k is a fixed integer, which will be the degree of the multi-Dirac structure. This sequence of multivector fields and forms
satisfies a certain maximally isotropic property, together with involutivity with respect to the Courant bracket, defined as

[[(U,α), (V ,β)]] ∶= ([U, V], (−1)(p−1)q
£Uβ + (−1)q

£Vα − (−1)q 1
2

d(ιVα + (−1)pqιUβ)).

The case k = 1 recovers the usual notion of Dirac structure in mechanics. In this paper, the authors show that there exists a graded multipli-
cation and a graded bracket on the space of sections of D1, . . . , Dk, and that the latter is endowed with the structure of a Gerstenhaber algebra
with respect to these two operations. Furthermore, they define a multi-Poisson bracket on a distinguished subset of the space of forms and
show that this bracket satisfies the graded Jacobi identity up to exact forms.

Later, in Ref. 14, Zambon noticed that given a multi-Dirac structure of order k on a manifold M, D1, . . . , Dk, then D1 determines
completely the multi-Dirac structure by the equality Dp = (D1)

�,p, for all 1 ≤ p ≤ k, where

(Dp)
�,q
= {(u,α) ∈ Eq : ιuβ − (−1)pqιvα = 0,∀(v,β) ∈ Dq}.

He then introduced the notion of higher Dirac structure of order k on a manifold M as a vector subbundle

satisfying the following properties

(i) It is Lagrangian, that is D = D�,1.
(ii) It is involutive with respect to the Courant bracket.

Zambon also proved that, under some regularity conditions, both notions coincide.

Regarding the generalization of Poisson geometry, in Ref. 15, Bursztyn proposed a definition of higher-Poisson structure that generalizes
the usual one.

Definition 1 (Higher Poisson structure). A higher Poisson structure of order k on a manifold M is a pair (S, ♯), where S is a vector
subbundle

and ♯ is a vector bundle mapping
♯ : S→ TM

satisfying:

(i) S○,1
= 0, where S○,1 denotes the first annihilator. In general, for a family of forms S ⊆ ⋀ aM, and p ≤ a, we define

S○,p
∶= {U ∈⋁

p
M : ιUα = 0,∀α ∈ S}.
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(ii) ♯ is skew-symmetric, that is, ι♯(α)β = −ι♯(β)α, for all α,β ∈ S.
(iii) S is involutive with respect to the bracket (although this notation overlaps with Schouten–Nijenhuis bracket, the meaning will be clear

from the context)

[α,β] ∶= £♯(α)β − ι♯(α)dβ

and satisfies

♯([α,β]) = [♯(α), ♯(β)].

For k = 1 we recover the classical notion of a Poisson manifold.
However, in Ref. 16, Bursztyn, Martinez-Alba and Rubio observed that, in general, the graph of a higher Poisson structure

D ∶= {(♯(α),α) : α ∈ S} ⊆ E1 = TM⊕M
k
⋀M

does not define a higher Dirac structure. Nevertheless, they noticed that it does define a weak higher Dirac structure (what they simply call
higher Dirac), a not so restrictive version of the definition introduced by Zambon that allows for higher Poisson structures to be included.

The above definitions and results introduce new notions to be explored in the field of geometries underlying classical field theories.
The objectives of this paper are twofold. First, to integrate all these geometric and algebraic notions into a common framework that

allows them to be related and extended. Second, to clarify the necessary notions:

(i) A definition of higher order Poisson structure in terms of graded multivectors that extends the usual one, which we call graded Poisson.
(ii) A definition of a graded algebraic Poisson bracket that is in bijective correspondence with the geometric definition, obtaining the

characterization of dynamics in terms of the observable algebra;
(iii) A notion of a graded Dirac structure that integrates the two previous concepts (at least under some mild assumptions), as well as the

multisymplectic structures (which we do not ask to fulfill any regularity condition, i.e., they are only closed forms of higher degree).

The following diagram summarizes how all of these concepts relate to each other:

The extent to which graded Dirac structures (resp. graded Poisson) fail to include weak higher Dirac structures (resp. higher Poisson
structures) is characterized by some mild regularity conditions, essentially proving that these two concepts coincide (see Theorems B.2 and
A.1).

The main results of the paper are the following:

(i) The first main result of this paper is Theorem B.2, where we show that graded Dirac structures are characterized by the structure on
degree n, generalizing the equivalent result in higher Dirac geometry by Zambon in Ref. 14.

(ii) We also study the natural foliation induced by any graded Poisson manifold (Theorem A.2), and we propose a way of recovering a
graded Poisson structure from a non-degenerate multisymplectic foliation in Theorem A.3. These results are then extended to graded
Dirac manifolds in Theorem A.4.

(iii) The induced graded Poisson bracket by a graded Poisson structure is also studied, and we prove the last main result of this paper,
Theorem B.2, where we show that under some integrability conditions on the family of form subbundles, any graded Poisson bracket
induces a graded Poisson structure, thus providing the equivalence between the geometric and algebraic aspect of brackets, similar to
the correspondence present in Poisson geometry. The equivalent result is then extended to graded Dirac structures in Theorem B.3.
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The diagram below shows the interplay between the introduced concepts, comparing the case in classical mechanics, and the case in
classical field theories, showing the achieved generalization of the structures appearing in classical mechanics to a graded nature.

The paper is structured as follows. In Sec. II we first give some basic definitions in multisymplectic geometry and recall some fundamental
notions of Dirac structures. Later, we review the different concepts of multi-Dirac structures, higher Dirac structures, and weak higher Dirac
structures existing in the literature in Subsections II C–II E, respectively. In Sec. III we introduce our own definition of graded Dirac structures,
beginning by studying the linear case, then extending this notion to the realm of manifolds. In this section we also study the relation of graded
Dirac structures to the existing structures in the literature. Section IV is devoted to discuss graded Poisson manifolds and graded Poisson
brackets as well as their relations. In addition, in Subsection IV C we apply the previous results to study currents. Finally, in Sec. V we highlight
the main results of the paper and give some comments about our future work. We also include the Appendix to present the definition and
main properties of the so-called Schouten–Nijenhuis bracket that we are constantly using without mention along the paper.

A. Notation and conventions
We will use these notations throughout the paper; to facilitate the reading, they are collected here.

1. All manifolds are assumed C∞-smooth and finite dimensional.
2. Einstein’s summation convention is assumed throughout the text, unless stated otherwise.
3. ⋁p M denotes the vector bundle of p-vectors on M,⋀ pTM.
4. Xp

(M) = Γ(⋁p M) denotes the space of all multivector fields of order p.
5. ⋀ aM denotes the vector bundle of a-forms on M,⋀ aT∗M.
6. Ωa

(M) = Γ(⋀a M) denotes the space of all a-forms on M.
7. [⋅, ⋅] denotes the Schouten–Nijenhuis bracket on multivector fields. We use the sign conventions of Ref. 17.
8. £Uα = dιUα − (−1)pιdα, for U ∈ Xp

(M), α ∈ Ωa
(M) denotes the Lie derivative along multivector fields. For a proof of its main

properties, we refer to Ref. 18.
9. For a subbundle K ⊆ ⋁p M, and for a ≥ p, we denote by

K○,a
= {α ∈

a
⋀M : ιKα = 0}

the annihilator of order a of K.
10. Similarly, for a subbundle S ⊆ ⋀ aM, and p ≤ a we denote by

S○,p
=

⎧⎪⎪
⎨
⎪⎪⎩

U ∈⋁
p

M : ιU S = 0
⎫⎪⎪
⎬
⎪⎪⎭

the annihilator of order p of S.

II. AN OVERVIEW OF PREVIOUS GENERALIZATIONS OF DIRAC STRUCTURES TO CLASSICAL FIELD THEORIES
A. Multisymplectic manifolds

In this subsection we recall some basic definitions in Multisymplectic geometry.

Definition A.1 (Multisymplectic manifold). A multisymplectic manifold of order k is a pair (M,ω), where M is a manifold, and ω ∈
Ωk+1
(M) is a closed (k + 1)-form. Both the multisymplectic manifold and the multisymplectic form are called regular or non-degenerate

when the map

TM →
k
⋀M, v ↦ ιvω
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is a vector bundle monomorphism.

The canonical example of a multisymplectic manifold is the one generalizing the cotangent bundle from mechanics to a multi-cotangent
bundle:

Example A.1. Let Y be a manifold and define (for k ≤ dim Y)

M ∶=
k
⋀Y.

There is a canonical k-form defined on M, the Liouville k-form, defined as

Θ∣α(v1, . . . , vk) ∶= α(τ∗v1, . . . , τ∗vk),

where τ : ⋀ kY → Y denotes the canonical projection. Then,
Ω ∶= dΘ

is a closed (k + 1)-form and thus endows M with a canonical multisymplectic structure. To obtain its local form, notice that for any set of
coordinates (yi

) on Y, we can define the induced coordinates on M, (yi, pi1 ,...,ik), representing the form

α = pi1 ,...,ik dyi1 ∧ ⋅ ⋅ ⋅ ∧ dyik.

Then, the canonical multisymplectic form takes the local expression

Ω = dpi1 ,...,ik ∧ dyi1 ∧ ⋅ ⋅ ⋅ ∧ dyik.

The main example of multisymplectic manifolds arising in the study of classical field theory is the following:

Example A.2. The extended Hamiltonian formalism of classical field theory occurs in

M ∶=
n
⋀

2
Y = {α ∈

n
⋀Y , ιe1∧e2α = 0, e1, e2 ∈ ker dπ},

where
π : Y → X

is a fibered manifold, and n = dim X. The manifold ⋀n
2 Y can be endowed with a non-degenerate multisymplectic structure by restricting the

canonical multisymplectic form on ⋀ kY. Making abuse of notation, we will still denote by Ω the restriction. Introducing canonical coordinates
(xμ, yi, pμi , p), where π(xμ, yi

) = (xμ) are fibered coordinates, representing the form

α = pdnx + pμi dyi
∧ dn−1xμ,

we have
Ω = dp ∧ dnx + dpμi ∧ dyi

∧ dn−1xμ.

A straight-forward calculation shows that this multisymplectic structure is non-degenerate. For an in-depth treatment of classical field theory
using multisymplectic geometry we refer to Ref. 19.

The natural analogue of a Hamiltonian vector field is that of a Hamiltonian multivector field:

Definition A.2 (Hamiltonian multivector field, Hamiltonian form). Let (M,ω) be a multisymplectic manifold. Then, a multivector field
U ∈ Xp

(M) is called Hamiltonian if
ιUω = dα,

for certain (k − p)−form α ∈ Ωk−p
(M) which is called Hamiltonian as-well.

For details on the study of multisymplectic manifolds, we refer to Refs. 5 and 20–22.
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B. Dirac structures
Dirac structures, first introduced independently by Courant9 and Dorfman,11 are a generalization of pre-symplectic manifolds (manifolds

equipped with a closed 2-form ω, see Refs. 23 and 24) and Poisson manifolds (manifolds equipped with an integrable bivector field Λ, see
Ref. 25). Dirac geometry has applications to the theory of constraints in classical mechanics. Indeed, in general, a submanifold of a Poisson
manifold does not inherit a Poisson structure; however, under certain mild assumptions, it inherits a Dirac structure. For a swift introduction
to Dirac geometry, see Ref. 15.

A Dirac structure on manifold M is a vector subbundle of E ∶= TM ⊕M T∗M. There are two important operations related to this vector
bundle. The first one, a natural point-wise pairing: given x ∈M, and (u,α), (v,β) ∈ Ex = TxM ⊕ T∗x M, we can define the symmetric bracket

⟨⟨(u,α), (v,β)⟩⟩ ∶= β(u) + α(v). (1)

The second one, an operation on sections, the Courant bracket

Γ(E)⊗ Γ(E)
[[⋅,⋅]]
ÐÐ→Γ(E)

defined as
[[(u,α), (v,β)]] ∶= ([u, v],£uβ −£vα +

1
2

d(α(v) − β(u))). (2)

Definition B.1 (Dirac structure). A Dirac structure on a manifold M is a vector subbundle

satisfying the following properties:

(i) It is Lagrangian with respect to the bracket of Eq. (1), that is,

L = L� ∶= {(v,β) ∈ E : ⟨⟨(v,β), (u,α)⟩⟩ = 0,∀(u,α) ∈ L}.

(ii) It is involutive (i.e., closed) with respect to the Courant bracket [Eq. (2)].

There has been several attempts to generalize the concepts of Subsection II B to the realm of field theories (multisymplectic geometry),
which we briefly review now.

C. Multi-Dirac structures
The first definition was proposed by Vankershaver, Yoshimura, and Leok in Refs. 12 and 26. Motivated by the graded nature of

multisymplectic geometry, instead of using the bundle E = TM ⊕M T∗M, they defined the family

Ep ∶=⋁
p

M⊕M

k+1−p

⋀ M,

where 1 ≤ p ≤ k, and k is a fixed integer, which will be the degree of the multi-Dirac structure. Note that the particular case k = 1 recovers the
bundle of Dirac geometry, E.

We also have two brackets, which are the generalization of the point-wise pairing and the Courant bracket. Let k ≥ 1 be a fixed integer,
and 1 ≤ p, q ≤ k such that p + q ≤ k + 1.

1. The graded point-wise pairing

Ep⊗MEq
⟨⟨⋅,⋅⟩⟩
ÐÐ→

k+1−(p+q)
⋀ M

at x ∈M for (U,α) ∈ (Ep)∣ x, (V ,β) ∈ (Eq)∣ x is given by

⟨⟨(U,α), (V ,β)⟩⟩ = ιUβ − (−1)pqιVα. (3)

2. The graded Courant bracket

Γ(Ep)⊗ Γ(Eq)
[[⋅,⋅]]
ÐÐ→Γ(Ep+q−1)
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is given by

[[(U,α), (V ,β)]] ∶= ([U, V], (−1)(p−1)q
£Uβ + (−1)q

£Vα − (−1)q 1
2

d(ιVα + (−1)pqιUβ)). (4)

Definition C.1 (Multi-Dirac structure). A multi-Dirac structure of degree k on a manifold M is a sequence of vector subbundles
D1, . . . , Dk

satisfying:

(i) It is Lagrangian with respect to the bracket defined in Eq. (3), that is,

Dq
= (Dp

)
�,q
∶= {(V ,β) ∈ Eq : ⟨⟨(V ,β), (U,α)⟩⟩ = 0,∀(U,α) ∈ Dp

},

for all p, q such that p + q ≤ k + 1.
(ii) It is involutive with respect to the Courant bracket [Eq. (4)], that is, [[⋅, ⋅]] restricts to an operation on sections

Γ(Dp)⊗ Γ(Dq)
[[⋅,⋅]]
ÐÐ→Γ(Dp+q−1).

Multi-Dirac structures generalize multisymplectic structures. Indeed, we have the following result.

Proposition C.1 (Ref. 26). Let ω ∈ Ωk+1
(M) be a (k + 1)-form. Then, the sequence of vector subbundles

Dp ∶= {(U, ιUω) : U ∈⋁
p

M}

defines a multi-Dirac structure of order k if and only if dω = 0.

Proof. First, we will prove that it is Lagrangian. Indeed, given two multivector fields U ∈ Xp
(M), V ∈ Xq

(M), we have

⟨⟨(U, ιUω), (V , ιVω)⟩⟩ = ιU ιVω − (−1)pqιV ιUω = 0,

which yields
Dq ⊆ (Dp)

�,q.

Now, conversely, if (V ,β) ∈ Eq satisfies
⟨⟨(U, ιUω), (V , ιVω)⟩⟩ = 0,

for any multivector field U ∈ Xp
(M), then,

0 = ιUβ − (−1)pqιV ιUω = ιUβ − ιU ιVω,

and, since U is arbitrary, this implies β = ιVω, proving that
Dq = (Dp)

�,q.

Now, it only remains to show that it is involutive if and only if dω = 0. Recall that

ι[U,V]ω = (−1)(p−1)q
£U ιVω − ιV£Uω.

Now, Dp is integrable if and only if

ι[U,V]ω = (−1)(p−1)q
£U ιVω + (−1)q

£V ιUω − (−1)q 1
2

d(ιV ιUω + (−1)pqιU ιVω)

= (−1)(p−1)q
£U ιVω + (−1)q

£V ιUω − (−1)qdιV ιUω

= (−1)(p−1)q
£U ιVω − ιV dιUω,

that is, if and only if
(−1)(p−1)q

£U ιVω − ιV£Uω = (−1)(p−1)q
£U ιVω − ιV dιUω.
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It is clear that the previous equation holds for every U ∈ Xp
(M), and V ∈ Xq

(M) only when

ιV ιU dω = 0,

which is equivalent to ω being closed. ◻

D. Higher Dirac structures
In Ref. 14, Zambon noticed that given a multi-Dirac structure of order k on a manifold M, D1, . . . , Dk, D1 determines completely the

multi-Dirac structure by the equality Dp
= (D1

)
�,p, for all 1 ≤ p ≤ k. He then introduced the following concept.

Definition D.1 (Higher Dirac structure). A higher Dirac structure of order k on a manifold M is a vector subbundle

satisfying

(i) It is Lagrangian, that is D = D�,1.
(ii) It is involutive with respect to the Courant bracket.

Zambon also proved the equivalence (under some mild assumptions) of multi-Dirac structures and higher Dirac structures.

Theorem D.1 (Ref. 14). Let M be a manifold and fix k ≥ 1. Then, there is an injective mapping

{Multi −Dirac structures of order k on M}↪ {Higher Dirac structures of order k on M}

given by
D1, . . . , Dk ↦ D = D1

which is a bijection onto the set of higher Dirac structures D ⊆ E1 such that D�,p defines a vector subbundle for 1 ≤ p ≤ k.

E. Weak higher Dirac structures
We know that multi-Dirac and higher Dirac structures can be thought of as a generalization of multisymplectic geometry. Whether these

kind of geometries can be thought of as a generalization of some sort of “higher Poisson structure” was studied in Ref. 16.
Earlier, in Ref. 15, Bursztyn proposed the following definition for a generalization of Poisson structure to the realm of field theories.

Definition E.1 (Higher Poisson structure). A higher Poisson structure of order k on a manifold M is a pair (S, ♯), where S is a vector
subbundle

and ♯ is a vector bundle mapping
♯ : S→ TM

satisfying:

(i) S○,1
= 0, where S○,1 denotes the first annihilator. In general, for a family of forms S ⊆ ⋀ aM, and p ≤ a, we define

S○,p
∶= {U ∈⋁

p
M : ιUα = 0,∀α ∈ S}.

(ii) ♯ is skew-symmetric, that is, ι♯(α)β = −ι♯(β)α, for all α,β ∈ S.
(iii) S is involutive with respect to the bracket

[α,β] ∶= £♯(α)β − ι♯(α)dβ

and satisfies
♯([α,β]) = [♯(α), ♯(β)].
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Notice that, for k = 1, we recover the notion of a classical Poisson structure, where ♯ is the morphism induced by the bivector Λ. Indeed,
for k = 1, the condition S○,1

= 0 is equivalent to S = T∗M which, together with skew-symmetry of ♯, implies that it is the contraction with a
bivector field Λ. Involutivity is characterized by

[Λ,Λ] = 0,

which is exactly the notion of a Poisson manifold.
As we mentioned above, Poisson manifolds are a particular case of Dirac manifolds defining the vector subbundle as its graph

D ∶= ⟨(♯(α),α) ∈ E1, α ∈ T∗M⟩.

But, in Ref. 16, Bursztyn, Martinez-Alba, and Rubio observed that, in general, the graph of a higher Poisson structure

D ∶= {(♯(α),α) : α ∈ S} ⊆ E1 = TM⊕M
k
⋀M

fails to define a higher Dirac structure. Nevertheless, they noticed that it does define a weak higher Dirac structure (what they simply call
higher Dirac).

Definition E.2 (Weak higher Dirac structure). A weak higher Dirac structure of degree k is a vector subbundle D ⊆ E1 satisfying

(i) It is weakly Lagrangian, that is, it is isotropic
D ⊆ D�,1

and
D ∩ TM = (pr2(D))

○,1,

where

pr2 : E1 →
k
⋀M

is the projection onto the second factor.
(ii) It is involutive with respect to the Courant bracket.

In the case k = 1, this notion and the one introduced by Zambon coincide, but for k ≥ 2 it is slightly more general.

III. GRADED DIRAC STRUCTURES
The weak analogue to multi-Dirac structures (in the sense of Refs. 12 and 26) is yet to be defined and studied. The relevance of finding the

so-called graded Dirac structure is that multisymplectic manifolds (M,ω) are naturally equipped with a graded Lie algebra, having as graded
vector space Hamiltonian forms of arbitrary degree (see Refs. 5 and 22). We begin by studying the linear case in Sec. III A.

A. Linear graded Dirac structures
Let V be a finite dimensional vector space and k ≥ 1 be a fixed integer. Following the notation of Sec. II, define

Ep ∶=
p

⋀V ⊕
k+1−p

⋀ V∗,

for 1 ≤ p ≤ k. Next, take p, q such that p + q ≤ k + 1, then we have the graded-symmetric pairing

Ep ⊗ Eq
⟨⟨⋅,⋅⟩⟩
ÐÐ→

k+1−(p+q)
⋀ V∗

defined by Eq. (3).
The natural weak analogue of multi-Dirac structures at the linear level is the following:

Definition A.1 (Graded Dirac structure). A linear graded Dirac structure of order k on a vector space V is a sequence of subspaces
D1, . . . , Dk, Dp ⊆ Ep satisfying the following property:

(i) The sequence is weakly Lagrangian, that is, it is isotropic,

Dp
⊆ (Dq

)
�,p

for all p, q such that p + q ≤ k + 1; and it satisfies

Dq
∩

q

⋀V = (pr2(D
p
))
○,q,
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for all p, q such that p + q ≤ k + 1.

Let us also define what we mean by a linear weak higher Dirac structure.

Definition A.2. A linear weak higher Dirac structure of order k on a vector space V is a subspace D ⊆ E1 satisfying:

(i) It is weakly Lagrangian, that is, it is isotropic,
D ⊆ (D)�,1;

and it satisfies
D ∩ V = (pr2(D))

○,1.

Remark A.1. Clearly, if D1, . . . , Dk is a graded Dirac structure of order k on V , D1 is a linear weak higher Dirac structure of order
k on V .

Hence, we get a well defined mapping

{Linear graded Dirac structures}→ {Linear weak higher Dirac structures}

given by
D1, . . . , Dk ↦ D1.

The rest of this subsection is concerned with proving that this mapping is a bijection, giving the linear weak analogue of Theorem D.1. The
main idea is giving a different description of graded Dirac structures. The proof is rather technical, and it is not necessary to understand the
rest of the text, although it does uses ideas from the description of graded Poisson structures, as the reader may see (Sec. IV).

Theorem A.1 (Equivalence of linear graded Dirac structures and linear weak higher Dirac structures). The mapping

{Linear graded Dirac structures of order k}→ {Linear weak higher Dirac structures of order k}

given by
D1, . . . , Dk ↦ D1

defines a one-to-one correspondence.

Proposition A.1 (An equivalent description of linear graded Dirac structures). A linear graded Dirac structure of order k, D1, . . . , Dk, is
equivalent to a family of vector subspaces and mappings

(i) Sk+1−p
⊆ ⋀

k+1−pV∗, p = 1, . . . , k;
(ii) Kp ⊆ ⋀

pV,
(iii) ♯k+1−p : Sk+1−p

→ (⋀
p V)/Kp,

for 1 ≤ p ≤ k + 1 satisfying the following properties:
(i) Kp = (Sk+1−q

)
○,p, for all p, q such that p + q ≤ k + 1;

(ii) ι♯k+1−p(α)β = (−1)pqι♯k+1−q(β)α, for α ∈ Sk+1−p, β ∈ Sk+1−q.
This correspondence is given by the “graph” of ♯a

Dp ∶= {(U,α) : α ∈ Sk+1−p, ♯k+1−p(α) = U + Kp}.

Proof. Let us first prove that a family of vector subspaces and mappings (Sk+1−p, Kp, ♯k+1−p) satisfying the previous conditions for 1 ≤
p ≤ k + 1 defines a linear graded Dirac structure. We only need to check that the sequence defined by

Dp ∶= {(U,α) : α ∈ Sk+1−p, ♯k+1−p(α) = U + Kp}

is weakly Lagrangian. It is clearly isotropic. Indeed, let (U,α) ∈ Dp, (V ,β) ∈ Dq for p, q such that p + q ≤ k + 1. Then, we have that

♯k+1−p(α) = U + Kp, ♯k+1−q(β) = V + Kq
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and thus
⟨⟨(U,α), (V ,β)⟩⟩ = ι♯k+1−p(α)β − (−1)pqι♯k+1−p(β)α = 0,

by (ii). Finally, since

Dp ∩
p

⋀V = Kp, pr2(Dq) = Sk+1−q,

using (i) we get

Dq ∩
q

⋀V = (pr2(Dp))
○,q,

for all p, q such that p + q ≤ k + 1, which proves that it is weakly Lagrangian.
Conversely, let D1, . . . , Dk be a linear graded Dirac structure on V . Define

Kp ∶= Dp ∩
p

⋀V ,

and

Sk+1−p
∶= {α ∈

k+1−p

⋀ V∗, ∃u ∈ Kp, u + α ∈ Dp}.

If we put
♯k+1−p(α) ∶= u + Kp,

for certain u such that u + α ∈ Dp, then we get the desired structure, as one can easily check. ◻

The same line of reasoning yields the following result.

Proposition A.2. A linear higher Dirac structure D ⊆ V ⊕⋀ kV∗ is equivalent to a choice of subspaces S ⊆ ⋀ kV∗, K ⊆ V and a mapping

♯ : S→ V/K

satisfying.

(a) K = S○,1;
(b) ι♯(α)β = −ι♯(β)α, for all α,β ∈ S.

The correspondence is given by
D ∶= {(U,α) ∈ E1 : ♯(α) = U + K}.

Proof. It follows from a similar procedure as in Proposition A.1. ◻

Now we are ready to prove Theorem A.1.

Proof. (of Theorem A.1) By Propositions A.1 and A.2, to prove that the mapping is both an injection and a surjection, we need to check
that given two subspaces S ⊆ ⋀ kV∗, K ⊆ V , and a mapping

♯ : S→ V/K

satisfying.

(a) K = S○,1;
(b) ι♯(α)β = −ι♯(β)α, for all α,β ∈ S;

there exists an unique family of vector subspaces Sa
⊆ ⋀

aV∗, Kp ⊆ ⋀
pV and mappings

♯a : Sa
→

k+1−a
⋀ V/Kk+1−a

satisfying.
(i) Kp = (Sk+1−q

)
○,p, for all p, q such that p + q ≤ k + 1;

(ii) ι♯k+1−p(α)β = (−1)pqι♯k+1−q(β)α, for α ∈ Sk+1−p, β ∈ Sk+1−q;
and such that

S = Sk, K = K1, ♯ = ♯k.

Let (S, K, ♯) be given as above. We divide the proof in five steps.
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1. Definition of Kp
It is clear that we need to define

Kp ∶= (S)○,p,

by condition (i).

2. Definition of Sa

Now, to define Sa
⊆ ⋀

aV∗, notice that condition (ii) implies, for p = a, q = k + 1 − a,

Ka = (Sa
)
○,a.

Consequently, since (Ka)
○,a can be thought of as the annihilator of Ka in (⋀aV)∗ = ⋀a V∗, we have

(Ka)
○,a
= ((S)○,a

)
○,a
= Sa,

which determines Sa for each 1 ≤ a ≤ k + 1. Now it only remains to define the mappings

♯a : Sa
→

k+1−a
⋀ V/Kk+1−a.

3. Description of the subspaces Sa

First, notice that the previous description of the subspaces Sa implies that we have the inclusion

⟨ιUα : U ∈
k−a
⋀ V∗, α ∈ S⟩ ⊆ Sa.

Now, let us check that we have the equality.

Lemma A.1 (Auxiliary Lemma). Let V be a finite dimensional vector space, k ≤ dim V , and S ⊆ ⋀ kV∗ be a subspace of forms. Then, for
any 1 ≤ a ≤ k we have

⟨ιUα : U ∈
k−a
⋀ V , α ∈ S⟩ = (Ka)

○,a,

where Ka = S○,a.

Proof. Let us first study the case where S is generated by an unique k-form, β:

S = ⟨β⟩.

Notice that (Ka)
○,a can be identified as the annihilator of Ka in⋀ aV [indeed, (⋀aV)∗ = ⋀a V∗]. Define

Φβ :
a
⋀V →

k−a
⋀ V∗

by
Φβ(U) ∶= ιUβ.

Then, the dual mapping

Φ∗β :
k−a
⋀ V →

a
⋀V

is given by
Φ∗β (U) = (−1)a(k−a)ιUβ,

as an easy computation shows. Then, using the following equality from linear algebra

(kerΦβ)
○,a
= ImΦ∗β ,

we get

K○,a
a = ⟨ιUβ : U ∈

k−a
⋀ V⟩,

which is exactly what we wanted to prove.
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Now, for the general case, suppose
S = ⟨β1, . . . ,βl⟩.

Then,
Ka = S○,a

= ⟨β1⟩
○,a
∩ ⋅ ⋅ ⋅ ∩ ⟨βl⟩

○,a

and we have

(Ka)
○,a
= (⟨β1⟩

○,a
∩ ⋅ ⋅ ⋅ ∩ ⟨βl⟩

○,a
)
○,a

= (⟨β1⟩
○,a
)
○,a
+ ⋅ ⋅ ⋅ + (⟨βl⟩

○,a
)
○,a

= ⟨ιUβ1 : U ∈
k−a
⋀ V⟩ + ⋅ ⋅ ⋅ + ⟨ιUβl : U ∈

k−a
⋀ V⟩

= ⟨ιUα : U ∈
k−a
⋀ V , α ∈ S⟩,

proving the Lemma. ◻

Using Lemma A.1, we get the following description of the subspaces Sa,

Sa
= ⟨ιUα : U ∈

k−a
⋀ V∗, α ∈ S⟩.

4. Definition of the maps ♯a
With this description, we can define the mappings

♯a : Sa
→

k+1−a
⋀ V/Kk+1−a.

Let ιUα ∈ Sa, for certain U ∈ ⋀ k−aV , α ∈ S. Then, for every β ∈ S, ♯a(ιUα)must satisfy:

ι♯a(ιUα)β = (−1)k+1−aι♯(β)ιUα = (−1)k+1−a
⋅ (−1)k−aιU ι♯(β)α

= −ιU ι♯(β)α = ιU ι♯(α)β = ι♯(α)∧Uβ.

Since this equality holds for every β ∈ S, we are forced to define

♯a(ιUα) ∶= ♯(α) ∧U + Kk+1−a.

Let us check that this mapping is well-defined. Indeed, suppose ιUα = ιVγ, for certain U, V ∈ ⋀ k−aV ,α, γ ∈ S. Then, arbitrary β ∈ S, and
using the properties of ♯ we have

ι(♯(α)∧U−♯(γ)∧V)β = (−1)k+1−aι♯(β)(ιUα − ιVγ) = 0.

Since this holds for all β ∈ S, we conclude that ♯(α) ∧U − ♯(γ) ∧ V ∈ Kk+1−p, proving our assertion.

5. (Sa, Kp, ♯a) defines a linear graded Dirac structure

It only remains to show that the triple (Sa, Kp, ♯a) defines a linear graded Dirac structure, that is, it satisfies the conditions of Proposition
A.1. Property (i) is clear. Indeed, for p ≤ a ≤ k and using the description of Sa given in Step 3,

(Sa
)
○,p
= ⟨V ∈

p

⋀V : ιV ιUα = 0,∀U ∈
k−a
⋀ V ,α ∈ S⟩

= ⟨V ∈
p

⋀V : ιVα = 0,∀α ∈ S⟩ = Kp.

Finally, for property (ii), given U ∈ ⋀ k−aV , W ∈ ⋀ k−bV , α,β ∈ S:

ι♯a(ιUα)(ιWβ) = ι♯(α)∧U(ιWβ) = (−1)(k+1−a)(k−b)ιW ιU ι♯(α)β

= (−1)(k+1−a)(k−b)+1ιW ιU ι♯(β)α = (−1)(k+1−a)(k−b)+1kk−aιW ι♯(β)ιUα

= (−1)(k+1−a)(k+1−b)ι♯b(ιWβ)(ιUα),
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finishing the proof. ◻

We have the following immediate corollary:

Corollary A.1. Let D1, . . . , Dk be a linear graded Dirac structure of order k on V . Then, we have that

Dp = ⟨(W ∧U, ιUα), U ∈
p−1

⋀ V , (W,α) ∈ D1⟩.

B. Graded Dirac manifolds
In this subsection we study graded Dirac manifolds, the geometric version of the linear counterpart studied in Subsection III A. Let us

begin by not taking into account the integrability issues:

Definition B.1 (Almost graded Dirac structure). An almost graded Dirac structure of order k on a manifold M is a family of vector
subbundles

that defines a linear graded Dirac structure (see Subsection III A) point-wise, that is, such that for every x ∈M, D1∣ x, . . . , Dk∣ x defines a linear
graded Dirac structure on TxM.

For the notion of integrability, we will use the graded Courant bracket

Γ(Ep)⊗ Γ(Eq)
[[⋅,⋅]]
ÐÐ→Γ(Ep+q−1)

given by

[[(U,α), (V ,β)]] ∶= ([U, V], (−1)(p−1)q
£Uβ + (−1)q

£Vα − (−1)q 1
2

d(ιVα + (−1)pqιUβ)).

Definition B.2 (Graded Dirac structure). A graded Dirac structure of order k on M is an almost graded Dirac structure of order k on M,
D1, . . . , Dk, which is involutive with respect to the Courant bracket, that is, such that ⟨⟨⋅, ⋅⟩⟩ defines an operation on sections

Γ(Dp)⊗ Γ(Dq)
[[⋅,⋅]]
ÐÐ→Γ(Dp+q−1).

Using Theorem A.1, we get the corresponding equivalence between graded Dirac structures and higher Dirac structures (which
generalizes Theorem D.1). First, let us define what we mean by an almost weak higher Dirac structure:

Definition B.3. An almost weak higher Dirac structure of order k on M is a vector subbundle

which is a linear higher Dirac structure point-wise.

Theorem B.1. Let M be a manifold and k ≥ 1 an integer. Then, there exists an injection

{Almost graded Dirac structures on M}↪ {Almost weak higher Dirac structures on M}

which defines a bijection onto the set of all almost weak higher Dirac structures on M, D, such that

Dp = ⟨(V ∧U, ιUα) : U ∈⋁
p

M, (V ,α) ∈D⟩

defines a vector subbundle, for each 1 ≤ p ≤ k.
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We also have the equivalence when restricting the above mapping to (involutive) graded Dirac structures.

Theorem B.2. Let M be a manifold and k ≥ 1 an integer. Then, there exists an injection

{Graded Dirac structures on M}↪ {Weak higher Dirac structures on M}

which defines a bijection onto the set of all almost weak higher Dirac structures on M, D, such that

Dp = ⟨(V ∧U, ιUα) : U ∈⋁
p

M, (V ,α) ∈D⟩

defines a vector subbundle, for each 1 ≤ p ≤ k.

Proof. We only need to check that the involutivity of D1, . . . , Dk is determined by the involutivity of D1. By Corollary A.1, we know that
we have the equality

Dp = ⟨(V ∧U, ιUα) : U ∈⋁
p−1

M, (V ,α) ∈ D1⟩.

Now, since we have the equality
ιUβ = (−1)pqιVα,

when restricted to a isotropic vector subbundle, then we can express the Courant bracket as

[[(U,α), (V ,β)]] = ([U, V], (−1)(p−1)q
£Uβ − ιV dα).

We will prove that the sections of Dp are closed under the Courant bracket by induction. Suppose it closed for the indices p, q − 1. We will
prove it for the indices p, q. By the description we gave in the linear case, it suffices to prove it for a pair of elements

(U,α) ∈ Dp, (V ∧ X, ιXβ) ∈ Dq,

where (V ,β) ∈ Dq−1, and X ∈ X(M). For this proof we will use the notation

ιX(U,α) = (U ∧ X, ιXα).

Notice that it defines a mapping
Dp → Dp−1.

Now,
[[(U,α), (V ∧ X, ιXβ)]] = ([U, V ∧ X], (−1)(p−1)q

£U ιXβ − ιV∧X dα)

Since
£U ιXβ = (−1)p−1ι[U,X]β + (−1)p−1ιX £Uβ,

we have

[[(U,α), (V ∧ X, ιXβ)]] = ( [U, V] ∧ X + (−1)(p−1)(q−1)V ∧ [U, X],

(−1)(p−1)(q−1)ι[U,X]β + (−1)(p−1)(q−1)ιX £Uβ − ιX(ιVα))

= ιX[[(U,α), (V ,β)]]

+ ((−1)(p−1)(q−1)V ∧ [U, X](−1)(p−1)(q−1)ι[U,X]β)

= ιX[[(U,α), (V ,β)]] + ι[U,X](V ,β),

which takes values in Dp+q−1 by induction hypothesis, proving integrability. ◻

IV. GRADED POISSON STRUCTURES
As we mentioned in Subsection II E, weak higher Dirac structures were introduced to include higher Poisson structures. In Sec. III we

studied the graded analogue of higher Dirac manifolds. A natural question to ask is what would be the graded analogue to higher Poisson
structures, as defined in Ref. 27. We define and study such structure in this section.
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A. Graded Poisson manifolds
Recall that

Ep =⋁
p

M ⊕
k+1−p

⋀ M.

One possible approach to define graded Poisson structures is the following:

(i) Take a higher Poisson structure ♯ : S→M of order k, S ⊆ ⋀ kM.
(ii) It determines a weak higher Dirac structure defining

D ∶= ⟨(♯(α),α) : α ∈ S⟩.

(iii) Under certain regularity conditions, using Theorem B.2, this weak higher Dirac structure determines an unique graded Dirac structure
Dp ⊆ Ep.

(iv) Define a graded Poisson structure as and object equivalent to the sequence of vector subbundles Dp, 1 ≤ p ≤ k.
The notion obtained through this procedure is the following:

Definition A.1 (Graded Poisson structure). A graded Poisson structure of degree k on a manifold M is a tuple (Sa, ♯a, Kk+1−a), 1 ≤ a ≤ k,
where Sa, Kp are vector subbundles

and ♯a are vector bundle mappings
♯a : Sa

→ ⋁
k+1−a

M/Kk+1−a

satisfying.

(i) Kp = (Sa
)
○,p, for p ≤ a and K1 = 0.

(ii) The maps ♯a are skew-symmetric, that is,

ι♯a(α)β = (−1)(k+1−a)(k+1−b)ι♯b(β)α,

for all α ∈ Sa, β ∈ Sb.
(iii) It is integrable: For α : M → Sa, β : M → Sb sections such that a + b ≤ 2k + 1, and U, V multivectors of order p = k + 1 − a, q = k + 1 − b,

respectively such that
♯a(α) = U + Kp, ♯b(β) = V + Kq,

we have that the (a + b − k)-form

θ ∶= (−1)(p−1)q
£Uβ + (−1)q

£Vα −
(−1)q

2
d(ιVα + (−1)pqιUβ)

takes values in Sa+b−k, and
♯a+b−k(θ) = [U, V] + Kp+q−1.

Remark A.1. The vector subbundles Sa determine a submodule of the module of a-forms Ωa
(M), defined as the space of all a-forms

α ∈ Ωa
(M) such that α∣x ∈ Sa, for every x ∈M. Throughout the rest of the text, we will say that α takes values in Sa if the previous condition

holds.
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A graded Poisson structure of order k on M determines a graded Dirac structure of order k on M as follows:

Proposition A.1. Let (Sa, Kk+1−a, ♯a) be a graded Poisson structure on M. Then, its “graph”

Dp ∶= ⟨(U,α) ∈ Ep : ♯k+1−p(α) = U + Kp⟩

is a graded Dirac structure.

Proof. Checking that the family of vector subbundles D1, . . . , Dk is weakly-Lagrangian is exactly the Proof of Proposition A.1, although
in this case we have non-degeneracy K1 = 0. Integrability follows directly from the definition. ◻

Given a graded Poisson structure of order k, (Sa, Kk+1−a, ♯a) on M, we can recover the structure in arbitrary degrees from the structure
in degree a = k, ♯k : Sk

→ TM as follows:

(i) Sa
= ⟨ιUα : U ∈ ⋁k−a M, α ∈ Sk⟩,

(ii) Kp = (Sk)
○,p,

(iii) ♯a(ιUα) = ♯k(α) ∧U + Kk+1−a, for α ∈ Sk, U ∈ ⋁k−a M.
And we have

Theorem A.1. Let M be a manifold and k ≥ 1 an integer. Then, there exists an injection

{Graded Poisson structures on M}↪ {Higher Poisson structures on M}

which defines a bijection onto the set of all higher Poisson structures on M, (S, ♯), such that both

Sa
= ⟨ιUα : U ∈⋁

k−a
M, α ∈ S⟩, Kp = (S)○,p

define a vector subbundle, for each 1 ≤ p ≤ k, 1 ≤ a ≤ k.

An important result in Poisson geometry is that a Poisson manifold is foliated by symplectic leaves, and that this foliation determines
completely the Poisson structure. Graded Poisson manifolds also admit a natural foliation:

Definition A.2 (Multisymplectic foliation). A multisymplectic foliation of order k of M is a possibly singular foliation F (in the sense of
Stefan–Sussmann28,29) together with a choice of a closed (k + 1)-form

ωF ∈ Ωk+1
(F)

defined on each leaf of the foliation F ∈ F , which is smooth in the following sense. For each choice of vector fields tangent to the foliation,
X1, . . . , Xk+1, the function defined by

x ↦ (ωF ∣x)(X1∣x, . . . , Xk+1∣x)

is smooth, where F ∈ F is the unique leaf passing through x, namely, x ∈ F.

Theorem A.2. Let (Sa, Kk+1−a, ♯a) be a graded Poisson structure on M. Then, M admits a multisymplectic foliation.

Proof. Define the (generalized) distribution
E ∶= Im ♯k ⊆ TM.

Then, E is integrable in the sense of Stefan and Sussmann (see Refs. 28 and 29). Indeed, by integrability of the Poisson structure, we have that
for α,β : M → Sk sections,

[♯k(α), ♯k(β)] = ♯k(θ),

where

θ ∶= (−1)(p−1)q
£♯a(α)β + (−1)q

£♯b(β)α −
(−1)q

2
d(ι♯b(β)α + (−1)pqι♯a(α)β) ∈ S,

concluding that E is closed under Lie bracket. Therefore, E determines a foliation on M, F . Let F ∈ F be a leaf and x ∈ F. Then, by definition,
TxF = E∣x. Define

♭ : E∣x →
k
⋀ (E∣x)∗
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as
♭(♯k(α)) ∶= i∗α,

where α ∈ (Sk)∣x, and
i : E ↪ TM

denotes the inclusion.
Let us check that ♭ is well-defined. Indeed, suppose

♯k(α) = ♯k(β).

Then, for each γ1, . . . , γk ∈ Sk,

α(♯k(γ1), . . . , ♯k(γk)) = −γ1(♯k(α), . . . , ♯k(γk))

= −γ1(♯k(β), . . . , ♯k(γk))

= β(♯k(γ1), . . . , ♯k(γk)),

which yields i∗α = i∗β and proves well-definedness.
Now, since for each α,β ∈ Sk we have

ι♯k(α)β = −ι♯k(β)α,

we have that for each u, v ∈ E∣x,
ιu♭(v) = −ιv♭(u).

Therefore, ♭ determines a (k + 1)-form

ω∣x ∈
k+1
⋀ (E∣x)∗.

This defines a (k + 1)-form on each leaf F ∈ F , which we shall denote ωF . The collection of these forms is smooth. The proof is finished once
we show that dωF = 0.

Let X, Y be vector fields on F, for certain leaf F ∈ F . Then, at least locally, there exists forms α, β on M taking values in Sk, such that X,
♯k(α), and Y , ♯k(β) are ι-related, where

ι : F →M

denotes the inclusion, that is, such that for every x ∈ F,

X∣x = ♯k(α)∣x, Y ∣x = ♯k(β)∣x.

Then
[X, Y]∣x = [♯k(α), ♯k(β)]∣x,

which, by involutivity of the Poisson structure, gives

[X, Y]∣x = [♯k(α), ♯k(β)]∣x

= ♯k(θ∣x) = ♯k(£♯k(α)β −£♯k(β)α +
1
2

d(ι♯k(β)α − ι♯k(α)β))∣ x

= ♯k(£♯k(α)β − ι♯k(β)dα)∣ x.

Recall that
ι[X,Y]ωF = £X ιYωF − ιY£XωF (5)

= £X ιYωF − ιY dιXωF − ιY ιXdωF. (6)

Now, since
ι♯k(α)(ωF)∣x = ι∗α,

for every α ∈ (Sk
)∣ x, we have, on the one hand

(ι[X,Y]ωF)∣x = ι♯k(θ)∣x(ωF)∣x = i∗(θ)∣x
= ι∗(£♯k(α)β − ι♯k(β)dα)∣ x,
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and, on the other hand,
(£X ιYωF − ιY dιXωF − ιY ιXdωF)∣x = ι∗(£♯k(α)♯k(β) − ι♯k(β)d♯k(α))∣x − (ιY ιXdωF)∣x.

Using these last two equalities and Eq. (6), we must have
(ιY ιXdωF)∣x = 0.

Since X, Y and x ∈ F are arbitrary, it follows that
dωF = 0,

concluding the proof. ◻

Remark A.2. In the case k = 1 this recovers the classical symplectic foliation of Poisson manifolds. Indeed, in this case the induced closed
2-form on each leaf ωF , F ∈ F is non-degenerate, giving a symplectic form.

For the converse, we can recover a graded Poisson structure from non-degenerate multisymplectic foliations with some regularity
condition. The necessity of these regularity conditions is to be expected. Indeed, in Poisson geometry, the Poisson structure is completely
determined by its symplectic foliation, but an arbitrary symplectic foliation does not necessarily arise from a bivector field, needing differen-
tiability conditions in order to guarantee the converse (see Ref. 25). In a graded setting, it will not be true that a graded Poisson structure is
characterized by its induced multisymplectic foliation. Nevertheless, under certain regularity conditions, we can guarantee that the induced
foliation defines an extension of the original graded Poisson structure:

Theorem A.3. Let (F ,ωF) be a non-degenerate multisymplectic foliation of M, and suppose that the collection of subspaces

S∣x ∶= (i∗)−1
(Im ♭ωF ∣x)

defines a vector subbundle

S↪
k
⋀M,

where ♭ωF : TxF → ⋀k T∗x F denotes the morphism induced by ωF , and

i∗ :
k
⋀T∗x M → T∗x F

denotes the restriction of forms. Suppose further that the collection of mappings

♭
−1 : Im ♭ωF → TF, F ∈ F

is smooth in the following sense: ♭−1
(i∗α) ∈ X(M) when α ∈ Ωk

(M) takes values in S. Then, M admits a higher Poisson structure ♯ : S→ TM
such that (F ,ωF) is the multisymplectic foliation obtained through Theorem A.2.

Proof. It is enough to define
♯ : S∣x → TxM

as
♯(α) ∶= e,

if ♭ωF(e) = i∗α. This is clearly well-defined (by non-degeneracy of ♭ωF ) and it is clearly skew-symmetric. Smoothness of ♯ is clear from the
hypotheses. Involutivity follows from a similar argument to the one made in Theorem A.2. ◻

Remark A.3. Again, the case k = 1 recovers the fact that a Poisson manifold is determined by its symplectic foliation. Indeed, in this case

S = T∗M,

and the smoothness condition is implied by the fact that ♯ : T∗M → TM is smooth. However, for degree k > 1 we do not recover the original
Poisson structure from its foliation, even in the hypotheses of Theorem A.3. Nevertheless, we do recover an extension of it when it defines
a non-degenerate multisymplectic foliation, and S (the collection of spaces defined in Theorem A.3) is a vector subbundle. Indeed, given a
higher Poisson structure of order k

♯ : Sk → TM

satisfying the previous conditions, smoothness of ♭−1 follows easily from smoothness of ♯. Furthermore, we clearly have Sk ⊆ S, and that the
obtained morphism through Theorem A.3 extends the original one.
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Remark A.4. In general, we cannot extend the vector subbundle defined in Theorem A.3 to a graded Poisson structure. However, if we
can guarantee that the obtained vector subbundle S ⊆ ⋀ kM satisfies the hypothesis of Theorem A.1, we obtain a graded Poisson structure
whose multisymplectic foliation is the original one.

We have a series of interesting particular cases of Theorem A.3:

Definition A.3. A multisymplectic foliation F ,ωF , F ∈ F is said to have constant linear type if for any pair of leaves, F1, F2 ∈ F and
points x1 ∈ F1, x2 ∈ F2 there exists a linear isomorphism

ϕ : Tx1 F1 → Tx2 F2

satisfying
ϕ∗(ωF2)∣x2 = (ωF1)∣x1.

Remark A.5. If a multisymplectic foliation is of constant linear type, it is of constant dimension.

Corollary A.1. Non-degenerate multisymplectic foliations of constant linear type are induced by graded Poisson structures

Proof. Since F is of constant dimension, it is integrable in the sense of Frobenius, and thus, locally, there exist coordinates
(x1, . . . , xk, y1, . . . , ym

) around any point such that

TxF = ⟨
∂

∂x1 ∣
x
, . . . ,

∂

∂xk ∣
x
⟩,

where x ∈ F. In particular, the multisymplectic form (on each leaf) may be written as

ωF ∣x = f i1...ik+1(x)dxi1 ∧ ⋅ ⋅ ⋅ ∧ dxik+1 ∣x,

x ∈ F, for certain coefficients f i1 ,...,ik+1(x) ∈ R. Furthermore, since the multisymplectic foliation is smooth, these coefficients define smooth
functions on M. It is clear that if

S = (i∗)−1 Im ♭ωF ,

where

i∗x :
k
⋀T∗x M →

k
⋀T∗x F

is the restriction and

♭ωF : TxF →
k
⋀T∗x F

is the contraction by ωF , then S it is locally generated by

S = ⟨ fli2 ,...,ik+1 dxi2 ∧ ⋅ ⋅ ⋅ ∧ dxik+1 , l = 1, . . . , k⟩⊕ ⟨dxi1 ∧ ⋅ ⋅ ⋅ ∧ dxil ∧ dyjl+1 ∧ ⋅ ⋅ ⋅dyjk , i1 < ⋅ ⋅ ⋅ il, jl+1 < jk⟩,

which is smoothly generated and of constant rank. As a consequence, it defines a vector subbundle. Furthermore, it may be readily observed
that the family of mappings

♭
−1 : Im ♭ωF → TF, F ∈ F

is smooth. Using Theorem A.3, we get a higher Poisson structure

♯ : S→ TM

whose multisymplectic foliation is the given one.
Finally, since the linear type is constant, we are in the hypothesis of Theorem A.1. Indeed, given a pair of points x1, x2 ∈M and denoting

by F1, F2 the corresponding leaves containing x1 and x2, respectively, we have a linear isomorphism

ϕ : Tx1 F1 → Tx2 F2

satisfying
ϕ∗(ωF2)∣x2 = (ωF1)∣x1.

Extend this isomorphism to a linear isomorphism
ψ : Tx1 M → Tx2 M.
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As a quick check shows,

Sk
∣ x1
= ψ∗(Sk

∣ x2
),

where Sk is the subspace of forms defined in Theorem A.3. Then, we can define an isomorphism between the subspaces

Sa
∣ x1
= ⟨(U, ιUα), U ∈⋁

k−a
M∣ x1

,α ∈ Sk
∣ x1
⟩;

Sa
∣ x2
= ⟨(U, ιUα), U ∈⋁

k−a
M∣ x2

,α ∈ Sk
∣ x2
⟩

given by
(U, ιUα)↦ (ψ∗U, ιψ∗U(ψ−1

)
∗α).

We conclude that
dim Sa

∣ x1
= dim Sa

∣ x2
,

and therefore, Sa is a vector subbundle, for each 1 ≤ a ≤ k, proving that we get a graded Poisson structure. ◻

Corollary A.2. Manifolds foliated by leaves which are (k + 1)−dimensional orientable manifolds together with a smoothly varying family
of volume forms, admit a graded Poisson structure whose multisymplectic foliation is the given one.

Proof. We are clearly in the situation of Corollary A.1. ◻

Remark A.6. Unlike the case of Poisson Geometry, a multisymplectic foliation does not uniquely determine a higher (nor graded)
Poisson structure. Indeed, there could be several available choices for the subbundle S.

The results presented in this section may be easily generalized to weak higher (and graded) Dirac structures. In this case, the integrable
distribution may be taken as

E ∶= pr1(D1),

and the corresponding (k + 1)-form ωx ∈ ⋀
k+1
(E∣x)∗ is

(ω∣x)(e1, . . . , ek+1) ∶= α(e2, . . . , ek+1),

where α ∈ ⋀k T∗x M is a k-form such that
(e1,α) ∈ D1.

Conversely, given a multisymplectic foliation of M, F ,ωF , the natural choice for the corresponding weak higher Dirac structure would be the
following:

D∣x ∶= {(e,α) : ι∗α = ♭ωF(e), e ∈ E∣x and ker ♭ωF ⊆ ⟨α⟩
○,1
}.

The reason for the last condition is to obtain a weak Lagrangian subbundle.
Then, we obtain

Theorem A.4. Let (F ,ωF) be a multisymplectic foliation of M satisfying the hypothesis above, and suppose that the collection of vector
subspaces defined above D∣x defines a vector subbundle

D ⊆ TM⊕M
k
⋀M.

Then, it is a weak higher Dirac structure whose multisymplectic foliation is the one given.

Proof. It is clearly isotropic. Now we only need to check that it is weakly Lagrangian or, equivalently, that

D ∩ TM = ker ♭ωF = ({α ∈ ker ♭○,1
ωF : i∗α ∈ Im ♭ωF})

○,1
= (pr2D)○,1,

which is clear, as a quick argument shows. Integrability is easily obtained from closedness of each of the multisymplectic forms. ◻
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Remark A.7. This results recovers as a particular case that a Dirac manifold is completely determined by its induced presymplectic
foliation. As the reader might expect from the discussion of graded Poisson manifolds, this is not true for k > 1. However, if a given weak
higher Dirac structure D satisfies

ker ♭ωF = D ∩ TM

then the Dirac structure obtained through Theorem A.4, which we denote by D̃, defines an extension of the original, in the sense that

D ⊆ D̃,

as one may easily check. Notice that the presented equality corresponds to the fact that ω defines a non-singular multisymplectic form when
D defines a higher Poisson structure.

Corollary A.3. Let (F ,ωF) be a multisymplectic foliation of constant linear type. Then, there exists a graded Dirac structure on M such
that (F ,ωF) is the induced multisymplectic foliation.

Proof. It follows from a similar argument to the one presented in Corollary A.1. ◻

Remark A.8. The foliated nature of these structures was already studied in Ref. 16, where the authors gave a characterization of weak
higher Dirac structures in terms of a foliation together with a tensorial object (a cocycle of certain differential complex). Nevertheless, our
approach allows for the construction of non trivial examples, and the analogy with the classical results is readily seen.

B. Graded Poisson brackets
So far, we have studied the tensorial aspect of graded (and higher) Poisson structures. Poisson structures (k = 1), that is, bivector fields

Λ ∈ X2
(M) satisfying [Λ,Λ] = 0, are characterized by the induced Poisson bracket {⋅, ⋅} on the space of functions C∞(M). This is a funda-

mental property because, in terms of mechanics, it allows us to study the dynamics just using the induced algebra, a fundamental property to
study quantization of the system.

In classical field theories, there have been several attempts to identify the corresponding structure that observables (i.e., forms) have. For
instance, we have L∞-algebras (see Refs. 30–32), by studying the algebraic structure of Hamiltonian (k − 1)-forms; or graded Lie algebras (see
Refs. 5, 6, and 26), by studying the structure of general Hamiltonian forms when quotiented by exact forms. However, these structures do not
recover the corresponding multisymplectic structure (if they are induced by a multisymplectic form), nor they recover the graded Poisson
structure (if they are induced by a graded Poisson structure). In this section we identify the algebraic structure that a graded Poisson structure
induces, and prove that, under some integrability conditions on the vector subbundles Sa, it completely characterizes the geometry.

Definition B.1 (Hamiltonian form). Let (Sa, Kp, ♯a) be a graded Poisson structure of order k on M. An (a − 1)-form α ∈ Ωa−1
(M) is

called Hamiltonian if dα takes values in Sa. Denote by Ωa−1
H (M) the space of all Hamiltonian forms.

Definition B.2 (Poisson bracket of Hamiltonian forms). Given α ∈ Ωa−1
H (M), β ∈ Ωb−1

H (M), define their Poisson bracket as the form

{α,β} ∶= (−1)k−1−orderβι♯b(dβ)dα

Proposition B.1. Given two Hamiltonian forms, α ∈ Ωa−1
H (M), β ∈ Ωb−1

H (M), their Poisson bracket is again Hamiltonian, that is, {α,β} ∈
Ωa+b−(k+1)

H (M).

Proof. Indeed, by the integrability property of the graded Poisson structure, we know that

£♯a(dα)dβ − ι♯b(dβ)ddα = dι♯a(dα)dβ

takes values in Sa+b−k. Therefore, {α,β} is Hamiltonian. ◻

Then, we get a well defined bracket on the space of Hamiltonian forms

Ωa−1
H (M)⊗Ω

b−1
H (M)→ Ωa+b−(k+1)

H (M).

Our objective now is studying the properties of {⋅, ⋅}. In particular, we will obtain that this bracket defines a graded Lie algebra (modulo
exact forms), for a suitable notion of degree.
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Definition B.3. Given a Hamiltonian (a − 1)−form α ∈ Ωa−1
H (M), define its degree as

degα ∶= k − a = k − 1 − ord α.

Proposition B.2. Let α,β be arbitrary Hamiltonian forms. If

♯a(dα) = U + Kk+1−a, ♯b(dβ) = V + Kk+1−b,

then
♯a+b−(k+1)(d{α,β}) = −[U, V] + K2k+1−(a+b)

Proof. If follows easily from the integrability of the Poisson structure. Indeed, defining p ∶= k + 1 − a, q ∶= k + 1 − b, we know that the
form

θ ∶= (−1)(p−1)q
£U dβ + (−1)q

£V dα −
(−1)q

2
d(ιV dα + (−1)pqιU dβ)

= (−1)(p−1)
£U dβ = (−1)(p−1)qdιU dβ

= (−1)qdι♯a(dα)dβ = (−1)qdι♯b(dβ)dα = −{α,β}

satisfies
♯a+b−(k+1)(θ) = [U, V] + Kp+q−1,

which finishes the proof. ◻

Lemma B.1. Let α ∈ Ωa−1
H (M),β ∈ Ωb−1

H (M), γ ∈ Ωc−1
H (M) be Hamiltonian forms. Then (omitting the indices of ♯a),

(−1)(deg γ−1) deg αι♯(dγ)dι♯(dβ)dα + clyc. = (−1)(deg α+deg γ)(deg β+1)dι♯(dα)ι♯(dβ)dγ.

Proof. Denote by p, q, r the order of the multivector fields ♯(dα), ♯(dβ), ♯(dγ), respectively. We have

p = degα + 1, q = degβ + 1, r = deg γ + 1.

Now,

(−1)(deg γ−1) deg αι♯(dγ)dι♯(dβ)dα = (−1)r(p−1)ι♯(dγ)dι♯(dβ)dα

= (−1)r(p−1)+r(p+q−1)ι♯(dι♯(dβ)dα)dγ.

From Proposition B.2,
♯(dι♯(dβ)dα) = (−1)q

[♯(dα), ♯(dβ)],

and therefore

(−1)r(p−1)+r(p+q−1)ι♯(dι♯(dβ)dα)dγ = (−1)rq+qι[♯(dα),♯(dβ)]dγ

= (−1)rq+q
((−1)(p−1)q

£♯(dα)ι♯(dβ)dγ − ι♯(dβ)£♯(dα)dγ)

= (−1)rq+pqdι♯(dα)ι♯(dβ)dγ − (−1)rq+pq+pι♯(dα)dι♯(dβ)dγ − (−1)rq+qι♯(dβ)dι♯(dα)dγ.

Interchange β and γ using the properties of ♯ to get

(−1)(deg γ−1) deg αι♯(dγ)dι♯(dβ)dα

= (−1)rq+pqdι♯(dα)ι♯(dβ)dγ − (−1)pq+pι♯(dα)dι♯(dγ)dβ − (−1)rq+qι♯(dβ)dι♯(dα)dγ

= (−1)(deg α+deg γ)(deg β+1)dι♯(dα)ι♯(dβ)dγ − (−1)(deg α−1) deg βι♯(dα)dι♯(dγ)dβ

− (−1)(deg β−1) deg γι♯(dβ)dι♯(dα)dγ,

proving the equality. ◻

The main properties of the Poisson bracket {⋅, ⋅} are the following:

Theorem B.1 (Properties of the Poisson bracket). Let (Sa, Kp, ♯a) be a graded Poisson structure on a manifold M. Then, for arbitrary
α ∈ Ωa−1

H (M),β ∈ Ωb−1
H (M), γ ∈ Ωc−1

H (M), the Poisson bracket {⋅, ⋅} satisfies
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(i) It is graded:
deg{α,β} = degα + degβ;

(ii) It is graded-skew-symmetric:
{α,β} = −(−1)deg α deg β

{β,α};

(iii) It is local: If dα∣x = 0, {α,β}∣x = 0.
(iv) It satisfies Leibniz identity: For a = k, if β ∧ dγ ∈ Ωb+c−1

H (M), then

{β ∧ dγ,α} = {β,α} ∧ dγ + (−1)k−deg βdβ ∧ {γ,α};

(v) It is invariant by symmetries: If X ∈ X(M) and £Xα = 0, then ιXα ∈ Ωa−2
H (M) and

{ιXα,β} = (−1)deg βιX{α,β};

(vi) It satisfies graded Jacobi identity (up to an exact term):

(−1)deg α deg γ
{{α,β}, γ} + cyclic terms = exact form.

Proof.

(i) Indeed, {α,β} is a ((a + b) − (k + 1))−form and so,

deg{α,β} = 2k − a − b = degα + degβ.

(ii)
{α,β} = (−1)deg βι♯b(dβ)dα = (−1)deg β+(deg α+1)(deg β+1)ι♯a(dα)dβ

= (−1)deg α deg β+deg α+1
= −(−1)deg α deg β

{β,α}.

(iii) It is immediate.

(iv)
{β ∧ dγ,α} = (−1)deg αι♯k(dα)(dβ ∧ dγ)

= (−1)deg αι♯k(dα)dβ ∧ dγ + (−1)deg α+bdβ ∧ ι♯k(dα)dγ

= {β,α} ∧ dγ + (−1)bdβ ∧ {γ,α}

= {β,α} ∧ dγ + (−1)k−deg βdβ ∧ {γ,α}

(v)
{ιXα,β} = (−1)deg βι♯b(dβ)d(ιXα)

= (−1)deg β+1ι♯b(dβ)ιXdα = ιX ι♯b(dβ)dα

= (−1)deg βιX{α,β}

(vi) Using Lemma B.1 we get
(−1)deg γ deg α+deg α+deg β+deg γ

{{α,β}, γ} + cylc. = exact form,

and we obtain graded Jacobi identity once we multiply by (−1)deg α+ deg β+ deg γ, which is a cyclic term. ◻

Remark B.1. A different approach for graded Poisson brackets is taken in Ref. 33, where Grabowski defines an extension of the Poisson
bracket in a Poisson manifold to arbitrary differential forms, having the following graded nature.

order{α,β} = order α + order β

In our case, the graded nature is modified to

order{α,β} = order α + order β − (k − 1).
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Corollary B.1. Any manifold foliated by orientable (k + 1)−dimensional leaves, together with a smoothly varying family of volume forms
admits an algebraic invariant, namely, the graded Poisson bracket associated with the graded Poisson structure obtained through Corollary A.2.

Observation B.1. The previous corollary is a generalization of a result proved by Zambon in Ref. 14, associating to any compact
orientable manifold an L∞-algebra. This L∞ algebra is the restriction of the Poisson algebra to (dim M − 2)−forms induced by the non-
degenerate multisymplectic structure defined by any volume form orienting the manifold (two such forms induce the same algebra up to
isomorphism). Notice that the assumption on the existence of a family of volume forms varying smoothly is fundamental. Indeed, in general,
orientable leaves may not admit a continuously varying orientation, e.g., the Möbius band foliated by lines.

Now, we can ask whether a bracket satisfying the previous properties characterizes the graded Poisson structure.
The naïve approach would be the following:

(i) Fix a sequence of vector subbundles of forms Sa
⊆ ⋀

aM, for 1 ≤ a ≤ k satisfying

(Sa
)
○,p
= (Sb

)
○,p, (Sk

)
○,1
= 0,

for a, b ≥ p.
(ii) Define the set of Hamiltonian forms as

Ωa
H(M) := ⟨α ∈ Ωa−1

(M) : dα ∈ Sa
⟩.

(iii) Define a Poisson bracket of order k as a bilinear operation

Ωa−1
H (M)⊗Ω

b−1
H (M)→ Ωa+b−(k+1)

H (M),

satisfying all the properties of Theorem B.1.
(iv) Check whether this bracket is induced by an unique graded Poisson structure

♯a : Sa
→ ⋁

k+1−a
M/Kk+1−a.

However, this approach presents some technical difficulties. Indeed, in general, fixed the family of vector subbundles Sa, 1 ≤ a ≤ k, sat-
isfying property (i), the set of Hamiltonian forms may be trivial in some degrees. One possible attempt to fix this first problem would be to
restrict to locally defined Hamiltonian forms. This does not get us very far either, since there may not exist closed forms taking values in Sa.
Indeed, suppose Sa locally generated as a vector subbundle by

Sa
∣ x = ⟨α1∣x, . . . ,αl⟩∣x,

for certain locally defined a-forms α1, . . . ,αl. Then, an arbitrary form taking values in Sa can be expressed as

α = f iαi.

The condition of being closed translates into
0 = dα = d f i

∧ αi + f idαi,

for certain functions f i
∈ C∞(M). This defines a set of partial differential equations on the coefficients f i. It is clear that f i

= 0 defines the
trivial closed form. In general, there may not exist non-zero solutions.

Example B.1. Let M ∶= R4 with coordinates (x, y, z, t) and define the following vector subbundle

S2 ∶= ⟨(dx + ydz) ∧ dt⟩ ⊆
2
⋀M.

Any form
α : M → S2,

has the following expression
f (dx + ydz) ∧ dt,

for certain function f (x, y, z, t). Then,

dα = −
∂ f
∂y

dx ∧ dy ∧ dt
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+ (y
∂ f
∂x
−
∂ f
∂z
)dx ∧ dz ∧ dt

+ ( f + y
∂ f
∂y
)dy ∧ dz ∧ dt.

If α is closed, we have f = 0, and thus α = 0, showing that the only possible closed form taking values in Sa is the trivial one.

This leads us to introduce the following definition:

Definition B.4. A vector subbundle Sa
⊆ ⋀

aM is called integrable if for every x ∈M, α0 ∈ (Sa
)∣ x there exists a form (possible locally

defined around x), α, taking values in Sa such that α∣x = α0, and dα = 0.

Essentially, the definition above guarantees the existence of enough locally Hamiltonian forms.

Definition B.5 (Poisson bracket). Let Sa
⊆ ⋀

aM, 1 ≤ a ≤ k be a sequence of integrable subbundles satisfying

(Sk
)
○,1
= 0, (Sa

)
○,p
= (Sb

)
○,p,

for each p ≤ a, b. Denote by
Ωa−1

H (U) ∶= ⟨α ∈ Ω
a−1
(U) : dα ∈ Sa

⟩

the set of Hamiltonian forms defined on certain open subset U ⊆M. A Poisson bracket of order k on M is a collection of bilinear operations

Ωa−1
H (U)⊗Ω

b−1
H (U)

{⋅,⋅}U
ÐÐÐ→Ωa+b−(k+1)

H (U),

for each open subset U ⊆M satisfying the following properties. For α ∈ Ωa−1
H (U),β ∈ Ωb−1

H (U), γ ∈ Ωc−1
H (U)

(i) It is graded:
deg{α,β}U = degα + degβ;

(ii) It is graded-skew-symmetric:
{α,β}U = −(−1)deg α deg β

{β,α}U ;

(iii) It is local: If dα∣x = 0, {α,β}U ∣x = 0.
(iv) It satisfies Leibniz identity: Let β j

∈ Ωb−1
H (M), γ j ∈ Ωc−1

H (M). If β j
∧ dγ ∈ Ωb+c−1

H (M), then, for a = k,

{βj
∧ dγj ,α}U = {βj ,α}U ∧ dγj + (−1)k−deg βj

dβ ∧ {γj ,α}U ;

(v) It is invariant by symmetries: If X ∈ X(U) and £Xα = 0, then ιXα ∈ Ωa−2
H (U) and

{ιXα,β}U = (−1)deg βιX{α,βj
}U ;

(vi) It satisfies graded Jacobi identity (up to an exact term):

(−1)deg α deg γ
{{α,β}U , γ}U + cyclic terms = exact form.

Furthermore, it satisfies the compatibility condition, that is, for V ⊆ U two open subsets, {⋅, ⋅}V is the restriction of {⋅, ⋅}U .

Remark B.2. One may wonder why we require this version of Leibniz identity. The not-so-evident reason is that this is a strictly stronger
hypothesis than the Leibniz rule from Theorem B.1. Indeed, if β j

∧ dγ j ∈ Ωb+c−1
H (M), there is no way of guaranteeing that the individual terms

of the sum are Hamiltonian. This is the version needed in order to recover the graded Poisson structure from the graded Poisson bracket.

We are now ready to state and prove the main result of this section:

Theorem B.2. Let Sa
⊆ ⋀

aM, 1 ≤ a ≤ k be a sequence of integrable vector subbundles satisfying

(Sk
)
○,1
= 0, (Sa

)
○,p
= (Sb

)
○,p,

for each p ≤ a, b, and let {⋅, ⋅}U , U ⊆M open, be a Poisson bracket on this sequence. Suppose that the family Sa satisfies the following properties:
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(i) Locally, there exists Hamiltonian forms γi j ∈ Ωb−2
H (U), and functions f j

i such that

Sb
= ⟨d f j

i ∧ dγij , i⟩;

(ii) For each 1 ≤ a ≤ k, locally, there exists a family of Hamiltonian forms forms γ j, and a family of vector fields X j such that

Sa
= ⟨dγ j

⟩ £Xjγ j
= 0,

and
Sa−1
= ⟨dιXjγ j

⟩.

Then, there exists an unique graded Poisson structure (Sa, Kp, ♯a) such that {⋅, ⋅}U is the induced bracket by this structure.

Proof. We divide the proof in four steps.

1. Definition of (Sa, Kp, ♯a)
Define

Kp∣ x ∶= (S
p
∣ x)
○,p.

By hypothesis, these vector spaces define a vector subbundle of ⋁p M. In order to define ♯a, notice that for each Hamiltonian form
α ∈ Ωa−1

H (U), the bracket induces an operation

Ωk−a
H (U)

Φα
Ð→C∞(M), β↦ Φα(β) = (−1)deg α

{β,α}.

By locality, it factorizes through certain linear mapping (which only depends on dα)

Ψα : Sk+1−a
∣U → R

as
Φα(β) = Ψα(dβ).

Therefore, we may identify Ψα with an element of the dual (Sk+1−a
)
∗
∣U , and we get a linear mapping

Ψ : Ωa−1
H (U)→ (S

k+1−a
)
∗
∣U.

Since this mapping only depends on the exterior differential of α, it again factorizes through

♯a : Sa
∣U → (S

k+1−a
)
∗
∣U = ( ⋁

k+1−a
M/Kk+1−a)∣U ,

as
Ψα = ♯a(dα).

By construction, this mapping satisfies
{β,α}U = (−1)deg αι♯a(dα)dβ,

for α ∈ Ωa−1
H (U), and β ∈ Ωk−a

H (U). It is clear that these mappings do not depend on the choice of open subset U. Therefore, we get
globally well defined mappings

♯a : Sa
→ ⋁

k+1−a
M/Kk+1−a

satisfying the equality above. From now on, making abuse of notation, we omit dependence on U.

Steps 2 and 3 are devoted to proving that we have the equality

{β,α} = (−1)deg αι♯a(dα)dβ
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for arbitrary Hamiltonian forms. We will prove it using two induction processes, summarized in the diagram below. Here, we write the case
k = 5, and the order in which we obtain the equality in the orders (ord β, ord α). The lower triangle is omitted for degree considerations (the
bracket is trivial when evaluated on pairs such that ord β + ord α < k − 1).

2. {β,α} = ι♯k(dα)dβ, for an arbitrary Hamiltonian form β, and α ∈ Ωk−1
H (U).

We prove it by induction on the order of β. For β ∈ C∞H (M) = C∞(M), it is clear by definition of ♯k. For the inductive step, let β ∈
Ωb−1

H (M).

Using the first required property on Sa, we only need to prove the result for a Hamiltonian form with the expression

f jdγj ,

where γj is Hamiltonian. Indeed, by Leibniz identity:

{ f jdγj ,α} = { f j ,α} ∧ dγj − d f j
∧ {γj ,α}

= (ι♯k(dα)d f j
) ∧ dγj − d f j

∧ (ι♯k(dα)dγj)

= ι♯k(dα)d( f jdγj),

where in the second equality we have used the induction hypothesis, proving that

{β,α} = ι♯a(dα)dβ,

for α ∈ Ωk−1
H (M), and β ∈ Ωb−1

H (M).

3. {β,α} = (−1)deg αι♯k(dα)dβ, for arbitrary Hamiltonian forms α and β.
Fix β ∈ Ωb−1

H (M). We proceed by “reverse” induction on the order of α, α ∈ Ωk−1
H (M) being the base case from Step 2.

Using the second required property on Sa, we only need to prove it for Hamiltonian forms

ιXγ,

for certain vector field X and certain Hamiltonian form γ such that £Xγ = 0. Indeed, using invariance by symmetries and induction hypothesis:

{β, ιXα} = −(−1)deg ιXα deg β
{ιXα,β} = −(−1)(deg α+1) deg β+deg βιX{α,β}

= −(−1)deg α deg βιX{α,β} = ιX{β,α}

= (−1)deg αιX ι♯a(dα)dβ = (−1)deg αι♯a(dα)∧Xdβ

Now we wish to relate ♯a(dα) ∧ X and ♯a−1(dιXα). This relation is given by the following Lemma:

Lemma B.2. We have ♯a−1(dιXα) = −♯a(dα) ∧ X + Kk+2−a.

Proof. Let γ ∈ Ωk−a
H (M). On the one hand, by definition of ♯a−1, we have

{γ, ιXα} = (−1)deg α+1ι♯a−1(dιXα)dγ.
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On the other hand, by invariance by symmetries, we have

{γ, ιXα} = ιX{γ,α} = (−1)deg αιX ι♯a(dα)dγ = (−1)deg αι♯a(dα)∧Xdγ.

Equating both of these equalities and using that γ is arbitrary, we get the equality

♯a−1(dιXα) = −♯a(dα) ∧ X + Kk+2−a,

proving the Lemma. ◻

Using the Lemma above, the result follows easily. Indeed,

{β, ιXα} = (−1)deg αι♯a(dα)∧Xdβ

= (−1)deg α+1ι♯a−1(dιXα)dβ

= (−1)deg ιXαι♯a−1(dιXα)dβ.

Now it only remains to show that (Sa, Kk+1−a, ♯a) is a graded Poisson structure.

4. (Sa, Kk+1−a, ♯a) defines a graded Poisson structure.
Skew-symmetry is clear, using skew-symmetry of the brackets. To prove integrability, by Theorem A.1, we only need to check it

for a = k. By the graded Jacobi identity, we have

{ f ,{α,β}} + {β,{ f ,α}} + {α,{β, f }} = 0,

for every α,β ∈ Ωk−1
H (M), f ∈ C∞(M) This yields

♯k(d{α,β})( f ) − ♯k(dβ)(♯k(dα)( f )) + ♯k(dα)(♯k(dβ)( f )) = 0.

Since f ∈ C∞(M) is arbitrary, we have
♯k(d{α,β}) = −[♯k(dα), ♯k(dβ)],

or, equivalently,
♯k(£♯(dβ)dα) = −[♯k(dα), ♯k(dβ)].

This implies integrability. Indeed, given arbitrary forms γ1, γ2 taking values in Sk, we can express them locally as

γ1 = f idαi, γ2 = g jdβj ,

for certain Hamiltonian forms αi,β j ∈ Ωk−1
H (M), and functions f i, g j

∈ C∞(M). Then, defining

θ ∶= £♯k(dγ1)γ2 − ι♯k(dγ2)dγ1

= £ f j♯k(dαj)g
idβi − giι♯k(dβi)d( f jdαj)

= f j
♯k(dαj)(gi

)dβi − gi
♯k(dβi)( f j

)dαj + f ig jdι♯k(dαj)dβi

= f j
♯k(dαj)(gi

)dβi − gi
♯k(dβi)( f j

)dαj + f ig jd{βi,αj},

we have θ ∈ Sk, and

♯k(θ) = f j
♯k(dαj)(gi

)♯k(dβ
i
) − gi

♯k(dβi)( f j
)♯k(dαj) + f ig j

♯k(d{β,α})

= f j
♯k(dαj)(gi

)♯k(dβi) − gi
♯k(dβi)( f j

)♯k(dαj) − f ig j
[♯k(dβi), ♯k(dαj)]

= [ f j
♯k(dαj), gi

♯k(dβi)] = [♯k(γ1), ♯k(γ2)],

proving that the graded Poisson structure is integrable. ◻

Remark B.3. Theorem B.2 generalizes the classical result that a Poisson bracket defined on C∞(M) is characterized by an integrable
bivector field, Λ ∈ X2

(M), [Λ,Λ] = 0. Indeed, since (S1)
○,1
= 0, we must have S1 = T∗M, which trivially satisfies the hypothesis.
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There are certain interesting cases that fulfill the hypothesis of Theorem B.2:

Corollary B.2. If the family Sa, 1 ≤ a ≤ k is generated by forms of constant coefficients, that is, if there exists a local chart such that Sa is
generated by form which are of local coefficients in that chart, any graded Poisson bracket defined on the space of Hamiltonian forms induces an
unique graded Poisson structure.

Proof. Indeed, in order to be in the hypotheses of Theorem B.2, we only need to check that the two required properties hold. For the first
one, given certain local chart such that

Sa
= ⟨cm

i1 ,...,ia dxi1 ∧ ⋅ ⋅ ⋅ ∧ dxia , m⟩,

with cm
i1 ,...,ia

∈ R, given that we can write

cm
i1 ,...,ia dxi1 ∧ ⋅ ⋅ ⋅ ∧ dxia = dxi1 ∧ d(cm

i1 ,...,ia xi2 dxi3 ∧ ⋅ ⋅ ⋅ ∧ dxia),

it is enough to define
f mi
∶= xi, γm

i ∶= cm
i,i2 ,...,ia xi2 dxi3 ∧ ⋅ ⋅ ⋅ ∧ dxia ,

and we have
Sa
= ⟨d f mi

∧ γm
i , m⟩.

For the second property, notice that, by the linear study, we know that

Sa−1
= ⟨ι ∂

∂xj
ωm, m⟩,

where ωm
= cm

i1 ,...,ia
dxi1 ∧ ⋅ ⋅ ⋅ ∧ dxia . Therefore, it is enough to prove that for each j, there exists a primitive (a − 1)−form γm

j of ωm,

ωm
= dγm

j

such that £ ∂

∂x j
γm

j = 0. Indeed, it suffices to define (here we omit Einstein summation convention)

γm
j ∶= ∑

i1<⋅ ⋅ ⋅<ik
i1≠j
il=j

cm
i1 ⋅ ⋅ ⋅im xi1 dxi2 ∧ ⋅ ⋅ ⋅ ∧ dxia

− ∑
j<i2 ⋅ ⋅ ⋅<ia

cm
ji2...ia xi2 dxj

∧ dxi3 ∧ ⋅ ⋅ ⋅ ∧ dxia.

We clearly have ωm
= dγm

j , and £ ∂

∂x j
γm

j = 0, finishing the proof. ◻

Example B.2. Recall (Subsection II A) that the Hamiltonian formalism in classical field theories occurs in

M ∶=
n
⋀

2
Y = {α ∈

n
⋀Y , ιe1∧e2α = 0, e1, e2 ∈ ker dπ},

where
π : Y → X

is a fibered manifold, and n = dim X. ⋀n
2 Y can be endowed with a non-degenerate multisymplectic form Ω which, in canonical coordinates

(xμ, yi, pμi , p), takes the expression
Ω = dp ∧ dnx + dpμi ∧ dyi

∧ dn−1xμ.

Notice that it is of constant linear type.
Now, Ω is a non-degenerate (n + 1)−form and we can define the Poisson tensor

♯ : Sk
→ TM

as the inverse of

TM ♭
Ð→

k
⋀M, v ↦ ιvΩ.

J. Math. Phys. 66, 022901 (2025); doi: 10.1063/5.0243128 66, 022901-30

© Author(s) 2025

 12 M
ay 2025 15:05:55

https://pubs.aip.org/aip/jmp


Journal of
Mathematical Physics ARTICLE pubs.aip.org/aip/jmp

More, precisely, we define
Sk
∶= ιTMΩ,

and
♯ : Sk

→ TM

by ♯(α) ∶= v, where v is the unique vector satisfying
ιvΩ = α.

In particular, being of constant linear type,
Sa
∶= ι⋁k+1−a MΩ

defines a vector subbundle of ⋀ aM, and we get a well defined graded Poisson structure on M, (Sa, Kk+1−a, ♯a), where ♯a, Kp are the mappings
and subbundles obtained from Theorem A.1. In terms of the multisymplectic form, Ω, we have

Kp = Ω○,p,

and
♯a(α) = U + Kp

if and only if
ιUΩ = α.

Since the family Sa is generated by forms of constant coefficients, we are in the hypotheses of Corollary B.2, and we conclude that the induced
graded Poisson bracket completely determines the multisymplectic structure on M = ⋀n

2 Y .

We can also obtain the multisymplectic foliation from Theorem A.2 using the Poisson bracket. For certain α ∈ Ωk−1
H (M) (which may be

locally defined), since
C∞(M)→ C∞(M); f ↦ { f ,α}

is a derivation by locality, there exists an unique vector field, which we shall denote Xα such that

{ f ,α} = Xα( f ),

for every f ∈ C∞(M). Of course, in tensorial terms,
Xα = ♯k(dα).

Definition B.6 (Hamiltonian vector field). A Hamiltonian vector field of a graded Poisson structure (Sa, Kp, ♯a) is a vector field of the
form Xα, for certain Hamiltonian (k − 1)−form α.

Then, we clearly have

Proposition B.3. The characteristic distribution E = Im ♯k of the graded Poisson structure is generated by (locally defined) Hamiltonian
vector fields, that is,

E = ⟨Xα : α ∈ Ωk−1
H (M)⟩.

Under this description, integrability is clear. Indeed, using Jacobi identity, we have that the mapping

Ωk−1
H (M)→ X(M), α↦ Xα

defines a Lie anti-homomorphism, that is,
[Xα, Xβ] = −X{α,β},

from which involutivity follows. Now we can describe the multisymplectic form in each leaf F ∈ F of the foliation as follows:

Proposition B.4. Let F be the foliation induced by the (integrable) characteristic distribution. Then, the multisymplectic form ωF defined
in Theorem A.2 can be expressed as

(ωF ∣x)(Xα1 ∣x, . . . , Xαk+1 ∣x) ∶= (dα1∣x)(Xα2 ∣x, . . . , Xαk ∣x),

for every x ∈ F.

Proof. It follows from the description of ωF given in Theorem A.3. ◻

J. Math. Phys. 66, 022901 (2025); doi: 10.1063/5.0243128 66, 022901-31

© Author(s) 2025

 12 M
ay 2025 15:05:55

https://pubs.aip.org/aip/jmp


Journal of
Mathematical Physics ARTICLE pubs.aip.org/aip/jmp

Remark B.4. Similarly to how both Theorems A.2 and A.3 can be generalized to graded Dirac structures, we get the corresponding
generalization of Theorem B.2 to graded Dirac structures. First, notice that the concept of Hamiltonian form, and that of the Poisson bracket
is easily generalized using the description given in Proposition A.1. In terms of the vector subbundles D1, . . . , Dk, the space of (a − 1)-
Hamiltonian forms is

Ωa−1
H (M) = {α ∈ Ω

a−1
(M) : (U, dα) ∈ Dk+1−a, for certain U ∈ ⋁

k+1−a
M},

and the bracket of two Hamiltonian forms is
{α,β} ∶= (−1)deg βιV dα,

where (U, dα) ∈ Dk+1−a, and (V , dβ) ∈ Dk+1−b. The condition of the Poisson bracket of two Hamiltonian being again Hamiltonian follows
from involutivity with respect to the Courant bracket, since

[[(U,α), (V ,β)]] = ([U, V],−d{α,β}) ∈ D2k+2−(a+b),

as a quick calculation shows. Furthermore, the properties of the corresponding Poisson bracket are exactly the same as the obtained in
Theorem B.1. Dropping the non-degeneracy condition (Sk

)
○,1
= 0, we can define a graded Poisson bracket as a collection of brackets

Ωa−1
H (U)⊗Ω

b−1
H (U)

{⋅,⋅}U
ÐÐÐ→Ωa+b−(k+1)

satisfying all the properties listed in Definition B.5. Then, we obtain the corresponding result in graded Dirac manifolds:

Theorem B.3. Let Sa
⊆ ⋀

aM, 1 ≤ a ≤ k be a sequence of integrable vector subbundles satisfying

(Sa
)
○,p
= (Sb

)
○,p,

for each p ≤ a, b, and let {⋅, ⋅}U , (where U ⊆M is an open set), be a Poisson bracket on this sequence. Suppose that the family Sa satisfies the
following properties:

(i) Locally, there exists Hamiltonian forms γi j ∈ Ωb−2
H (U), and functions f j

i such that

Sb
= ⟨d f j

i ∧ dγij , i⟩;

(ii) For each 1 ≤ a ≤ k, locally, there exists a family of Hamiltonian forms forms γ j, and a family of vector fields Xi such that

TM = ⟨Xi⟩, Sa
= ⟨dγ j

⟩,

and
£Xiγ

j
= 0.

Then, there exists an unique graded Dirac structure D1, . . . , Dk such that {⋅, ⋅}U is the induced bracket by this structure.

Proof. The same argument from Theorem B.2 gives us a family (Sa, Kk+1−a, ♯a) satisfying the hypothesis of Proposition A.1 and,
therefore, it determines an unique graded Dirac structure, D1, . . . , Dk. ◻

Remark B.5. This result clearly resembles the original idea behind Dirac structures, structures arising from Poisson algebras defined on
a suitable subclass of functions on a manifold (see Ref. 8). In this case, we get a graded Dirac structure arising from a graded Poisson bracket
defined on a subclass of forms.

C. Currents and conserved quantities
Recently, Gay-Balmaz, Marrero, and Martínez-Alba introduced a bracket formulation of classical field theory in Ref. 7. Following the

notation of Example A.2, a Hamiltonian in classical field theory is a section

h :
n
⋀

2
Y/

n
⋀

1
Y →

n
⋀Y2,
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where
n
⋀

1
Y = {semi −basic n − forms over X} = {α ∈

n
⋀Y : ιeα = 0,when e ∈ ker dπ}.

The Hamiltonian section has the local expression

h(xμ, yi, pμi ) = (x
μ, yi, pμi , p = −H),

where, usually,

H =
∂L
∂zi

μ
zμi − L

is the Hamiltonian function associated to a regular Lagrangian. This bracket is defined for a very specific family of forms, those α ∈ Ωn−1
(Z∗),

(here we are denoting Z∗ = ⋀n
2 Y/⋀n

1 Y) with
α = (Aipμi + Bμ

)dn−1xμ,

where Ai, Bi only depend on (xμ, yi
). Then, their bracket is a semi-basic n-form over X

{α, h} :
n
⋀

2
Y →

n
⋀X

which takes the following local expression

{α, h} =
⎛

⎝

∂Ai

∂xμ
pμi +

∂H
∂pμj
(
∂Ai

∂y j pμi +
∂Bμ

∂y j ) −
∂H
∂yi Ai⎞

⎠
dnx.

This bracket measures the evolution of the observable α on a solution of the system determined by h. We can define it intrinsically using
the geometry of the Poisson bracket on⋀n

2 Y and, furthermore, we can extend the domain of definition. The property that this bracket satisfies
follows from the properties of ♯n, as we will shortly see.

First, we notice that the Hamiltonian section is completely determined by the following n-form:

Definition C.1. Given a Hamiltonian section h, define the form

h̃ :
n
⋀

2
Y →

n
⋀X

as h̃(α) ∶= α − h(α +⋀n
1 Y).

Locally,
h̃(α) = (p +H)dnx.

Proposition C.1. If α ∈ Ωn−1
(Z∗) has the local expression

α = (Aipμi + Bμ
)dn−1xμ,

where Ai, Bi only depend on (xμ, yi
), then τ∗α is Hamiltonian, being

τ :
n
⋀

2
Y → Z∗

the natural projection.

Proof. Indeed, denoting α̃ ∶= τ∗α, we have

dα̃ = (
∂Ai

∂xμ
pμi +

∂Bμ

∂xμ
)dnx

+ (
∂Ai

∂y j pμi +
∂Bμ

∂y j )dy j
∧ dn−1xμ
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+ Aidpμi ∧ dn−1xμ.

Then, it is clear that if we define

Xα ∶= (
∂Ai

∂xμ
pμi +

∂Bμ

∂xμ
)
∂

∂p
+ (

∂Ai

∂y j pμi +
∂Bμ

∂y j )
∂

∂pμj
− Ai ∂

∂yi ,

we have
ιXαΩ = dα̃,

proving the result. ◻

The relation between the bracket defined in Ref. 7 and our theory is the following:

Proposition C.2. We have that
{α, h} = ιXαdh̃

Proof. It is an immediate calculation. ◻

Therefore, we have
{α, h} = ι♯n(d̃α)dh̃,

providing the evolution of any observable in terms of the tensor ♯n. We can use this description to extend the domain of definition:

Definition C.2 (Observable). We say that an (n − 1)−form α ∈ Ωn−1
(Z∗) is an observable if it induces a Hamiltonian form on⋀n

2 Y , that
is, if τ∗α ∈ Ωn−1

H (⋀
n
2 Y), where

τ :
n
⋀

2
Y → Z∗

denotes the natural projection. Denote by O the set of all observables.

Also, notice that the form induced h̃ by any Hamiltonian section h is a semi-basic n-form over X on⋀n
2 Y . Thus, we define the following

bracket.

Definition C.3. Denote by A the linear space of all semi-basic n-forms over X defined on⋀n
2 Y and define

O⊗ A
{⋅,⋅}
ÐÐ→ A

by
{α,η} ∶= ι♯n(d̃α)dη,

where α̃ = τ∗α ∈ Ωn−1
H (⋀

n
2 Y).

Of course, we have to check well-definedness.

Proposition C.3. We have
{α,η} ∈ A,

for every α ∈ O,η ∈ A.

Proof. Indeed, we prove it in coordinates. In general, if α̃ = τ∗α is Hamiltonian, there exists a vector field

X = A
∂

∂p
+ Bμ

i
∂

∂pμi
+ Ci ∂

∂yi +Dν ∂

∂xν

such that
dα̃ = ιXΩ,

that is, such that

dα̃ = Adnx + Bμ
i dyi
∧ dn−1xμ − Cidpμi ∧ dn−1xμ +Dνdpμi ∧ dyi

∧ dn−2xμν

−Dνdp ∧ dn−1xν.
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Now, since α̃ = τ∗α, dα̃ must be zero when contracted with a τ− vertical vector field (a multiple of ∂
∂p ). Hence, Dν

= 0, and we have

♯n(dα̃) = A
∂

∂p
+ Bμ

i
∂

∂pμi
+ Ci ∂

∂yi .

Suppose
η = f dnx,

where f ∈ C∞(⋀n
2 Y). Since

dη = d f ∧ dnx,

we have

{α,η} = ι♯n(dα)dη

= (A
∂ f
∂p
+
∂ f
∂yi Ci

+
∂ f
∂pμi

Bμ
i )dnx,

which is semi-basic over X, concluding the proof. ◻

Notice that the Poisson bracket on Ωn−1
H (⋀

n
2 Y) induces a bracket on O. Indeed, if α,β ∈ O, and

♯n(dα̃) = A
∂

∂p
+ Bi

μ
∂

∂pi
μ
+ Ci ∂

∂yi ,

♯n(dβ̃) = Ã
∂

∂p
+ B̃i

μ
∂

∂pi
μ
+
̃Ci ∂

∂yi ,

where α̃ = τ∗α, β̃ = τ∗β, we have [{⋅, ⋅} denotes the Poisson bracket of Hamiltonian (n − 1)−forms]

{α̃, β̃} = (Bμ
i C̃ i
− CiB̃i

μ)d
n−1xμ,

which is clearly a semi-basic (n − 1)−form on⋀n
2 Y over Z∗, so it induces an unique form, which we will denote

[[α,β]] ∈ O.

We are aware that this notation overlaps with the Courant bracket defined in Eq. (4); however, we hope that the reader will distinguish them
based on the context they are used on.

Remark C.1. (O, [[⋅, ⋅]]) is not a Lie algebra. Indeed, we know that {⋅, ⋅} induces a Lie algebra structure on Ωn−1
H (⋀

n
2 Y) modulo exact

forms. This behavior is transmitted onto (O, [[⋅, ⋅]]). Nevertheless, when we restrict this bracket to the space of forms with the local expression

α = (Aipμi + Bμ
)dn−1xμ,

where Ai, Bi only depend on (xμ, yi
), it does define a Lie algebra (see Refs. 7 and 34).

Now we have

Theorem C.1. Let α,β ∈ O, and η ∈ A. Then,

{[[α,β]],η} = −{α,{β,η}} + {β,{α,η}}.

Proof. Indeed, since both ♯n(dα̃), ♯n(dβ̃) are vertical vector fields on the bundle

n
⋀

2
Y → Z∗,

we have that
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{[[α,β]],η} = ι♯n(d{̃α,̃β})dη = −ι[♯n(d̃α),♯n(d̃β)]dη

= −£♯n(d̃α)ι♯n(d̃β)dη + ι♯n(d̃β)£♯n(d̃α)dη

= −ι♯n(d̃α)dι♯n(d̃β)dη + ι♯n(d̃β)dι♯n(d̃α)dη

= −{α,{β,η}} + {β,{α,η}}.

◻
Corollary C.1. When restricted to the forms with local expression

α = (Aipμi + Bμ
)dn−1xμ,

where Ai, Bi only depend on (xμ, yi
), the mapping

α↦ {α, ⋅}

defines a linear anti-representation on A of the Lie algebra induced by restricting [[⋅, ⋅]].

Observation C.1. Notice that the bracket

O⊗ A
{⋅,⋅}
ÐÐ→ A

restricts well to semi-basic forms over X which are also basic over Z∗, that is, forms with the expression

α = f dnx,

where f = f (xμ, yi, pμi ). Therefore, if we denote by

B ∶= {semi basic n − forms over X} ∩ {basic n − forms over Z∗},

we have an induced bracket

O⊗ B
{⋅,⋅}
ÐÐ→ B,

for which the previous corollary still holds. Also notice (and this is the main reason to consider the previous restriction) that the space of
Hamiltonian sections

Γ(
n
⋀

2
Y → Z∗)

is an affine space modeled by B. Furthermore, if we define

{α, h} ∶= ι♯n(dα)dh̃,

where h(xμ, yi, pμi ) = (x
μ, yi, pμi , p = −H), h̃ = (p +H)dnx, we have

{α, h} ∈ B.

Therefore, we have an affine bracket

O⊗ Γ(
n
⋀

2
Y → Z∗)

{⋅,⋅}
ÐÐ→ B

that satisfies the equality
{[[α,β]], h} = −{α,{β, h}} + {β,{α, h}}.

This implies the following:

Corollary C.2 (Ref. 7). When restricted to forms with the expression

α = (Aipμi + Bμ
)dn−1xμ,

where Ai, Bi only depend on (xμ, yi
), the previous bracket defines an affine Lie algebra representation (for more details we refer to the cited paper).
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Now that we have seen how to interpret (and extend the domain of definition) of this bracket previously introduced in the literature, let
us prove that, even though we have extended the domain of definition, it still measures the evolution of observables.

Definition C.4. A section
ψ : X → Z∗

is called a solution for the Hamilton-De Donder-Weyl equations defined by a Hamiltonian section

h : Z∗ →
n
⋀

2
Y ,

if
ψ∗ιξΩh = 0,∀ξ ∈ X(Z∗),

where Ωh = h∗Ω.

Locally, this is equivalent to ψ solving the following set of partial differential equations

∂ψi

∂xμ
=

∂H
∂pμi

,

∂ψμi
∂xμ
= −

∂H
∂yi .

Theorem C.2. If ψ is a solution for Hamilton-De Donder- Weyl equations, and α ∈ Ωn−1
(Z∗) is an observable, we have

ψ∗(dα) = (h ○ ψ)∗{α, h}.

Proof. It is an immediate calculation in coordinates. Using the notation from Proposition C.3, we have

dα = Adnx + Bμ
i dyi
∧ dn−1xμ − Cidpμi ∧ dn−1xμ,

and

{α, h} = (A +
∂H
∂yi Ci

+
∂H
∂pμi

Bμ
i )dnx.

Therefore,

ψ∗(dα) = (A −
∂ψμi
∂xμ

Ci
+
∂ψi

∂xμ
Bμ

i )dnx,

and we obtain the result using the local version of Hamilton-De Donder-Weyl equations. ◻

As a consequence, we obtain the following:

Theorem C.3. If an observable α ∈ Ωn−1
H (M) satisfies

{α, h} = 0,

then it is conserved for any solution of the Hamilton-De Donder-Weyl equations defined by the Hamiltonian section h,where conserved means
that ψ∗(dα) = 0.

V. CONCLUSIONS AND FURTHER WORK
In this paper, we reviewed the different definitions of Poisson and Dirac structures of higher degree, introducing some new concepts

which (under some mild regularity conditions) include all previous concepts present in the literature, generalizing Dirac geometry to a graded
version. We also proved some results whose analogue in classical mechanics was of fundamental importance: the recovery of graded Poisson
structures from graded Poisson brackets, and its connection to currents and conserved quantities (Theorem B.2, Subsection IV C).

As a result of this work, we expect this theory to apply in the study of classical field theories:

(i) The usual Dirac structures are not only a common framework for presymplectic and Poisson geometries, but allow us to include those
pairs formed by a vector field and a 1-form on the manifold that are related by structure. Thus, in field theories, we can pair in different
degrees multivector Hamiltonians and currents. We expect this theory to permit to discuss the so-called higher-form symmetries,35 a
hot topic in theoretical physics.
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(ii) Although the graded nature of the objects studied in this paper (graded Poisson and graded Dirac structures) are characterized by the
structure induced on vector fields and k-forms, we believe that the pairs of multivector fields and forms of different order will be of
fundamental importance in the study of classical field theories. As an example, we have the recovery of the graded Poisson structure
given a graded Poisson bracket (Theorem B.2), where the interplay between different degree objects seems essential.

(iii) In the near future, we plan on using the graded brackets to study the properties of the distinguished submanifolds of the evolution space
of the theory.

(iv) We also aim to extend the results of this paper to an analogous study for the case of classical action-dependent field theories (see Refs.
36 and 37).

(v) The study of singular Lagrangians to obtain a well-posed problem through a constraint algorithm may benefit from the use of graded
Dirac structures, and so it could be an interesting direction for research. For applications of Dirac structures to the study of Dirac
brackets, we refer to Ref. 38. In this line of thought, an algebraic formalism like the one proposed in Ref. 39 for the brackets appearing
in classical mechanics could also be extended to the theory presented in this paper.

(vi) Similar to the results in Ref. 33, it is important to understand the possible extensions of the bracket to families of forms where the order
is not restricted to 0 ≤ a ≤ k − 1, but can vary freely. Perhaps this could give an interpretation of the bracket given Subsection IV C in
terms of an extension of the graded Poisson bracket studied in this text.

(vii) Another possible direction for research is the extension of moment maps and reduction from symplectic geometry to this new setting.
Previous work regarding these questions can be found in Refs. 40–44.
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APPENDIX: SCHOUTEN–NIJENHUIS BRACKET

The Schouten–Nijenhuis bracket is a generalization of the classical Lie bracket to multivector fields

X
p
(M)⊗ Xq

(M)
[⋅,⋅]
ÐÐ→X

p+q−1
(M).

For locally decomposable multivector fields, it is defined as

[X1 ∧ ⋅ ⋅ ⋅ ∧ Xp, Y1 ∧ ⋅ ⋅ ⋅ ∧ Yq]

∶=

p

∑
i=1

q

∑
j=1
(−1)i+j

[Xi, Yj] ∧ X1 ∧ ⋅ ⋅ ⋅ ∧ X̂i ∧ ⋅ ⋅ ⋅Xp ∧ Y1 ∧ ⋅ ⋅ ⋅ Ŷ j ∧ ⋅ ⋅ ⋅Yq,

and is extended to arbitrary multivector fields by linearity. We use the sign conventions of Refs. 17 and 18. Note that Ref. 25 uses different
sign conventions, differing by a factor of (−1)p+1 from ours.

Define the Lie derivative of a form ω ∈ Ωa
(M) with respect to a multivector field U ∈ Xp

(M) as

£Uω ∶= dιUω − (−1)pιU dω.
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We have the following properties, which we enunciate without proving them (we refer to Ref. 18 for proofs).

Theorem 0.1 (Properties of the Schouten–Nijenhuis bracket and the Lie derivative). Let U, V , W be multivector fields of order p, q, r,
respectively, and ω ∈ Ωa

(M). Then,

(i)
[U, V] = −(−1)(p−1)(q−1)

[V , U],

(ii)
ι[U,V]ω = (−1)(p−1)q

£U ιVω − ιV£Uω,

(iii)
[U, V ∧W] = [U, V] ∧W + (−1)(p−1)qV ∧ [U, W],

(iv)
(−1)(p−1)(q−1)

[U, [V , W]] + cyclic = 0.
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