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1 Introduction

The existence of brackets in classical field theory analogous to Poisson or Jacobi brackets in
mechanics [2, 17, 30, 36] is of extreme importance. On the one hand, they are useful to show
the evolution of any observable quantity and, on the other hand, they are the key to obtain the
quantization of the given system, following Dirac’s ideas. Indeed, the brackets bring the bridge
between the geometry of phase space and the algebra of observables.

To our knowledge, the geometric version of Poisson brackets were first defined in [8] for
the multisymplectic formalism of classical field theories, just as a continuation of the study
of abstract multisymplectic manifolds carried in [9]. An important property of these brackets,
already discussed in the work by Cantrijn, Ibort and de Ledn, is that it induces a Lie algebra
structure on Qg (M)/dQ(M), the space of Hamiltonian forms modulo exact forms. These
constructions have subsequently been used by other authors [4, 5, 20, 26], and more recently
developed within a more general and geometrical framework [6, 13, 39] (see also a recent approach
to classical field theories based on smooth sets of fields [28]).

On the other hand, dissipative field theories have recently been described by introducing the
concept of multicontact structures [11, 12], which generalize the usual contact ones. However, a
bracket in multicontact field theories analogue to the Jacobi bracket in contact geometry is yet
to be defined and studied. This is the first main goal of the present paper.

As we approached this problem, we discovered that a graded bracket can be associated to an
arbitrary differential form on any smooth manifold, say © € Q"(M). The main ingredient is a
special kind of multivector fields on the given manifold, which we call infinitesimal conformal
transformations of the given form ©. This definition mimics the situation on contact manifolds
and their infinitesimal conformal transformations. These multivector fields are then used to define
the space of conformal Hamiltonian forms and the corresponding graded Jacobi bracket. This
bracket is graded-skew-symmetric and satisfies the usual graded Jacobi identity (see Corollary
2.8). Furthermore, two different versions of the Leibniz rule appear: one corresponding to the
Gerstenhaber algebra structure [27] of infinitesimal conformal transformations (see Corollary
2.11) and a second one generalizing the weak Leibniz rule present in contact geometry (see
Proposition 2.12).

To study the relationship between these brackets and the graded Poisson brackets of multi-
symplectic geometry, we extensively develop a pre-multisymplectization procedure extending the
one already known for contact structures which works on any manifold equipped with an n-form
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©. An interesting fact is that, as a consequence of our study, we can introduce a more general
definition of multicontact form that the previously one defined in [10, 12]). Indeed, an n-form ©
is called multicontact if the following conditions hold:

ker; © Nker; d© = {0} and ker; d© # {0},

being the conditions that guarantee that its canonical pre-multisymplectization (see Definition
3.5) is, in fact, a multisymplectization. It is worth mentioning that the second property
ker; d© # {0} besides avoiding the possibility that d® = 0 (which would recover the case of a
(pre)-multisymplectic form) is a technical condition that is used on several steps of our study.

The second main goal of the present paper is to define dynamics, namely the action dependent
Hamilton—-De Donder—Weyl equations on an arbitrary multicontact manifold. Our approach is to
identify the geometric objects that generalize the Jacobi bivector field and the Reeb vector field
of contact manifolds. Indeed, we introduce the corresponding § mapping (the generalization of
the bivector field) and a class of multivector fields that we define (making an abuse of notation)
as the Reeb multivector field (see Definition 4.2). This machinery allows us to obtain a new
expression for the bracket of forms on a multicontact manifold similar to the case of the Jacobi
bracket in contact geometry.

In order to introduce dynamics, several steps need to be made. Firstly, we make a finer
definition of the Reeb multivector field so that contracting with it is well defined for a wider family
of forms. Secondly, we define the so-called Hamiltonian subbundle of forms and identify then the
good Hamiltonians, which are the ones that allow for a definition of the dissipation form (see
[10]), which has now a more clear and simple definition. Now, given such a good Hamiltonian,
one can obtain the Hamilton—de Donder—Weyl equations; more insights are obtained when the
multicontact form is of variational type, where a tensor-like obstruction for every Hamiltonian to
be a good Hamiltonian is identified (see Theorem 5.12). We also consider the evolution of forms
and the notion of dissipated forms. The study ends with an application of the above theory to
dissipative field theories.

In order to give a more complete view, we want to comment that the dissipative field equations
can be described by other geometric structures, called k-contact [19, 22, 24] and k-cocontact [32]
in the same way that the k-symplectic and k-cosymplectic geometries [18] describe the classical
field equations. Although the field equations are obtained with both formalisms, there is no
known definition of brackets in these cases, which leaves multicontact structures to be more
suitable for the study of action dependent field theories. Up to our knowledge, the only brackets
defined in the k-contact setting was introduced in [19] for vector-valued functions in order to
study systems of ordinary differential equations.

The paper is structured as follows. Section 2 is devoted to define brackets for arbitrary forms
on a manifold. The multisymplectization method is developed in Section 3 to find the relations
between these graded Jacobi brackets and graded Poisson brackets. In this section we also use
the theory developed to motivate the definition of multicontact manifolds. We investigate the
definition of the § mapping and the Reeb multivector field on arbitrary multicontact manifolds
in Section 4, where we use them to give a different description of the brackets. These structures
are then used in Section 5 to define dynamics on general multicontact manifolds. Section 6 is
devoted to apply the obtained results to the case of classical dissipative field theories. The paper
finishes with some conclusions and further work.

Notation and conventions

We will use the following notations and conventions throughout the paper; they are collected
here to facilitate the reading.
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All manifolds are assumed % °°-smooth, finite dimensional, Hausdorff and second countable.
Einstein’s summation convention is assumed throughout the text, unless stated otherwise.

V, M denotes the vector bundle of p-vectors on M, A" TM.

XP(M)=T (\/p M ) denotes the space of all multivector fields of order p.

A* M denotes the vector bundle of a-forms on M, A" T*M.
Q*(M) =T (A\* M) denotes the space of all a-forms on M.

[-,:] denotes the Schouten—Nijenhuis bracket on multivector fields. We use the sign conven-
tions of [31].

Lya = diga — (—=1)Puday, for U € XP(M), o € Q*(M) denotes the Lie derivative along
multivector fields. For a proof of its main properties, we refer to [21].

For a subbundle K C \/p M, and for a > p, we denote by

a
K> ={a € /\M | tgae =0}
the annihilator of order a of K.

Similarly, for a subbundle S C A* M, and p < a we denote by

P ={Ue\/ M |wsS =0}
P
the annihilator of order p of S.
Given a form © € Q"(M), we denote ker, © = {u € \/, M | 1,© = 0}.

Ry denotes R\ {0}.

2 Brackets induced by a differential n-form

Let M be a finite dimensional smooth manifold and © € Q"(M) be a smooth n-form on M. The
following definition is an extension of the so-called conformal infinitesimal symmetries in contact
geometry.

Definition 2.1. For p < n, a multivector field X € XP(M) is said to be an infinitesimal
conformal transformation of © if there exists a multivector field V € XP~!(M) such that

Lx0 =1y0,

where Zx© = dix© — (—1)P1xdO denotes the Lie derivative of © with respect to the multivector
field X (see [21, 31, 35] for details).

Remark 2.2. If p =1 and X € X(M) is an infinitesimal conformal transformation, we have
that there exists a certain O-multivector field, namely a function g € ¥°°(M ), such that

Lx0=g-0,

so that we recover the usual notion of an infinitesimal conformal symmetry. A
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Definition 2.3. A conformal Hamiltonian form is an (n — p)-form a € Q"7P(M) such that
1x,0 =—a,

for some infinitesimal conformal transformation X, € XP(M). The space of conformal Hamilto-
nian a-forms is denoted by Q% (M, ©). If the form to be used is clear form the context we shall
simply use Q% (M).

Note that an (n — p)-form « is conformal Hamiltonian if and only if there exist multivector
fields X, € XP(M) and V,, € XP~1(M) such that

1x,0=—-a and  1x,dO = (=1)P"(da + 1y, 0). (2.1)

The following result will allow us to define a bracket on the space of conformal Hamiltonian
forms.

Theorem 2.4. Let o« € Q" P(M) and f € Q" 1(M) be conformal Hamiltonian forms and let
Xa, Vo, Xg and Vg be multivector fields satisfying

1x,0=—-a, 1x,dO = (=1)P"(da + 1y, 0),
and
Lx,0 = -, Lx,dO = (—1)q+1(dﬂ+Lvﬁ@).
Then, the expression
X0, X5]©

only depends on o and 5 and is also a conformal Hamiltonian form.

Proof. Let us start by checking independence on the choice of multivector fields. We have (see
[21])
X0, x50 = _(—1)(p71)quabxg@ +1x,%x,0
= ()P V9Ly 1x,0 + 1x,11,0
= (_1)(p—1)Q(Wa _ XX&)LXB@
= (_1)(17—1)(1(3)(& —w.)B,

which implies that is independent on the choice of Xg, V3. A symmetric argument proves the
same result for X,, V.

To see that it is again a conformal Hamiltonian form it is enough to show that [X,, Xpg] is
again an infinitesimal conformal transformation for ©. Indeed,

"%Xavxﬁ}@ = (_1)(p71)(q71)$Xa$X5® - D%X,BZXQ@
= (*1)(p_1)(q_1)$xabvﬁ@ — Ly, 0
= L[XQ’VB}@ + LVBXXQQ — (*1)(p_1)(q_1)(L[Xﬁ,Va}® + LVQZXBG)

= L[vaﬁ}@ + LVBLVa@ — (_1)(10—1)(‘1—1)(%)%7‘/&}@ + LVQLVB("))

= Lv@ s
where
V = [Xa, Vg] = (=1)P DX, V]
concluding that it is a conformal symmetry. O
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Definition 2.5. The graded Jacobi bracket of two conformal Hamiltonian forms «, 3 is

{Oé, ﬂ} = _L[Xa,Xﬂ}@,

where X, Xg are conformal symmetries for each of these forms. Well-definedness of this bracket
follows from Theorem 2.4. For simplicity, we will refer to this bracket as the Jacobi bracket,
provided there is no risk of confusion.

The Jacobi bracket of conformal Hamiltonian forms defined by a differential n-form © € Q" (M)
is a bilinear operation
Q% (M) @ Q4 (M) — Q5D ().

Remark 2.6. Notice that we may write {a, 8} = (—=1)P~D9(Lx. —1y.) B. A

Remark 2.7. Suppose © = 1 a contact form on M. Then, the previous bracket generalizes the
usual Jacobi bracket of contact geometry. Indeed, Eq. (2.1) translates into

Lan: _f and Lden:df_R(f)na

where R denotes the Reeb vector field, the unique vector field satisfying tgn = 1, and tgdn = 0.
Definition 2.5 gives

{f7 g} = TUxs, X
which recovers the usual Jacobi bracket [14, 15]. A

The following result follows from the properties of the Schouten—Nijenhuis bracket.

Corollary 2.8. Let a € Q" P(M), f € Q" 9(M) and v € Q" "(M) be conformal Hamiltonian
forms. Then, the bracket of conformal Hamiltonian forms is graded skew-symmetric and satisfies
the graded Jacobi identity, namely

(1) {Oé, B} = _(_1)(]7—1)((]—1){/8, a};
(ii) (=)@ D a, {8,791} + (=)D Dy, {a, 81} + (=1 DE-DLE, {,a}} = 0.
Note that infinitesimal conformal transformations are closed under exterior products, since

LxrnyO = LrixO + (—1)qu$)(@
= (=17 4y 10 + 1x L O) + (—1) Ty Zx O,

where X € XP(M) and Y € X9(M). This motivates the following definition.
Definition 2.9. The cup product of conformal Hamiltonian forms is defined as
aVp:= —LXa/\Xﬂ@.
Note that the cup product of conformal Hamiltonian forms is well-defined since
aVp=ix,a=(-1)xp3.

Remark 2.10. The cup product of two conformal Hamiltonian forms is again conformal
Hamiltonian, since X, A X3 is again an infinitesimal conformal transformation. A

The cup product defines a bilinear operation
(M) @ Qg (M) = Q4 ~"(M)

which, using the properties of the Schouten—Nijenhuis bracket, is easily seen to satisfy the
following property.
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Corollary 2.11. Given v € Q}; P(M), p € Q}; U(M) and v € Q" (M), the cup product satisfies
the graded Leibniz rule

{a, 8V} ={a, B} v+ (=18 Vv {a ).

Furthermore,

Proposition 2.12. The Jacobi bracket satisfies the weak Leibniz rule, namely

Supp{a, 3} C Suppa N Supp S,

for every pair of Hamiltonian forms o € Q% (M,0) and B € Q’}{(M, ), where Supp a denotes
the support of a.

Proof. Indeed, this follows by noting that if a or 5 vanish on an open subset, so does their
bracket, since we can choose X, or Xg to be zero on this subset. ]

This result, along with Corollary 2.8 motivates the name graded Jacobi bracket given in
Definition 2.5.

Observe that this endows the set of conformal Hamiltonian forms with a structure of a
Gerstenhaber algebra [27], and the map X — —i1x© is a Gerstenhaber algebra homomorphism
between infinitesimal conformal transformations and conformal Hamiltonian forms.

Remark 2.13. It is worth noting that, in the case where © = 7 defines a contact form on M,
the cup product fV g of two functions vanishes. Thus, we only have the weak Leibniz rule in the
contact case. A

Let us turn into discussing an immediate relation between the brackets defined and the
Poisson bracket defined by a multisymplectic form.

Definition 2.14. A pre-multisymplectic form on M is a closed (n 4 1)-form Q € Q"(M).
A pre-multisymplectic form is said to be multisymplectic or non-degenerate if the vector
bundle map b: TM — A" M defined by b(v) := ¢, is a monomorphism.

Every closed form induces a bracket in a suitable subspace of forms, which we define now.

Definition 2.15. Let (M, Q) with Q € Q"F1(M) be a (pre-)multisymplectic manifold. Then, a
form a € Q%(M) is called (pre-)multisymplectic Hamiltonian if there exists a multivector
field X, € X"~*(M) such that ¢x_ € = da. We denote the space of multisymplectic Hamiltonian
a-forms by Q% (M, ). If the form to be used is clear from the context we simply write Q¢ (M).

Remark 2.16. (Pre-)multisymplectic Hamiltonian forms are usually referred to as Hamiltonian.
We prefer to incorporate this longer name in order to avoid confusion with conformal Hamiltonian
forms. A

Definition 2.17. Let (M, ), where Q € Q"*1(M), be a pre-multisymplectic manifold and let
a € Oy (M), B € QF (M) be pre-multisymplectic Hamiltonian forms. Their Poisson bracket
is defined as

{o, BYp = (=1)" Nix,nx, Q.

See [8, 9, 34] for further details on Poisson brackets in multisymplectic manifolds.
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Remark 2.18. The Jacobi bracket associated to a differential n-form generalizes the bracket of
1-forms in symplectic geometry (see [37]). Indeed, let Q € Q"F1(M) be a multisymplectic form.
Then, given multisymplectic Hamiltonian forms & € Q7 7(M,Q) and 8 € QY (M, Q), we have
that their Poisson bracket is given by

{@,p}p = (=17 ixanx; 2,
where X5 € XP(M), X FEX! (M) are multivector fields satisfying
1x; 0 =da and LXEQ:dB.

Then, both X5 and X 3 satisfy Zx. Q) = ZXBQ = 0 and, in particular, they define infinitesimal

conformal transformations. Hence, da and dE may be interpreted as conformal Hamiltonian
forms in the sense of Definition 2.3 for the multivector fields Xqz = —Xg and X ;7 = — X3, with
conformal factors Vg = 0 and VdE = 0, respectively. The Jacobi bracket of these two forms is
related to the Poisson bracket of multisymplectic geometry as follows:

(08,05} = gy, 0 = ~(-)0 L 0,0 4 1y, L, O
= —(—1)(p_1)q$XaLXBQ = _(_1)(p_1)quXaLXEQ = (—1)q_1dLXa/\X§Q
= d{a,p}p.

As a particular case, for n = 1, we obtain {df,dg} = d{f,¢}p, where {f,g}p is the Poisson
bracket of two functions from symplectic geometry (see [1, 3]). Hence, we can think of the graded
Jacobi bracket as a generalization of the graded Poisson bracket. A

3 Multicontact structures and multisymplectization

In this section we study further relations between Jacobi and Poisson bracket generalizing a
procedure known in contact geometry: symplectization.

3.1 General (pre-)multisymplectizations

Definition 3.1. An homogeneous (pre-)multisymplectic manifold is a pair (M , T), where
T € Q"(M) is such that Q = —dY defines a (pre-)multisymplectic form on M and such that
there exists a vector field A, called a Liouville vector field satisfying 1o = —7.

Remark 3.2. In the case of symplectic geometry, a homogeneous symplectic structure is simply
an exact symplectic structure w = —duv, since there always exists a vector field A such that
taw = —v. However, the same observation does not hold in multisymplectic geometry since, in
general, we cannot guarantee the existence of a vector field A satisfying (o) = —7. A

Let © be an n-form on a smooth manifold M.

Definition 3.3. Let 7: M — M be a (locally trivial) fiber bundle, where M is endowed
with a homogeneous (pre-)multisymplectic structure @ = —dY. Then, it is said to be a (pre-
)multisymplectization of (M, ) if it admits a vertical Liouville vector field A with respect to

the projection 7, and Y = ¢ - 7*O for certain non-vanishing function ¢ € €*°(M), called the
conformal factor.

Remark 3.4. Notice that from tad(¢ 7%0) = © we must have A(¢)7*0 = ¢ 7%0, so that if © is
nowhere zero, we necessarily obtain A(¢) = ¢. A similar argument can be made for an n-form ©
that does not vanish on a dense subset of M. A
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Definition 3.5. The canonical (pre-)multisymplectization of (M, ©) is defined as M x Ry,
together with the homogeneous (pre-)multisymplectic structure 2 = —d(z ©), where z is the
canonical coordinate in Ry . Notice that we can take as Liouville vector field A := z% and as
conformal factor ¢ := z.

Proposition 3.6. Provided that ker; dO© # {0}, the canonical (pre-)multisymplectization of
(M,0), namely (M x Ry,Q := —d(20)), is a non-degenerate homogeneous multisymplectic
manifold if and only if

ker; © Nker; dO = {0} .

Proof. Suppose first that ker; © Nker; d® = {0} and let u € T(M x Ry) such that ¢,Q = 0.
Identifying T, ) (M x Ry) = T,M X ToRyx = T, M x R, we can write

u=v-+ 2
- 782’
where v € T, M and v € R. Then, ¢, = 0 implies
dz A 1,© — 21,dO — vO = 0.

We will prove that v = 0 and v = 0. Contracting Wlth ~ yields 1,© = 0. Now, since ker; d© # 0,
taking w € ker; d® \ {0} and contracting by it we have —71,© = 0, which implies v = 0, since
w ¢ kery ©. Finally, we must have z:,d© = 0 which implies ¢,d® = 0, given that z = 0. We
conclude that v = 0, since v € ker; © Nker; d© = {0}.

Conversely, assume that —d(z ©) defines a non-degenerate multisymplectic form. Consider
v € TM such that ¢,© = 1,d® = 0. Then, identifying T(M x Ry) = TM x TR, we have
tud(z©) = 0, which implies v = 0, as we wanted to see. O

Let us turn back to the theory of arbitrary (pre-)multisymplectizations. In particular, we will
prove that every infinitesimal conformal transformation on the base can be lifted to a homogenous
multivector field on the (pre-)multisymplectization.

Theorem 3.7. Let © be a nowhere vanishing n-form on M and let 7: M — M, with (M, —dT)
a (pre-)multisymplectization of (M,©) with conformal factor ¢ € (500(]\7) Then, for every
infinitesimal conformal transformation X € XP(M) of © there ezists a unique-up-to-ker, dY
multivector field X € XP(M) such that

DS,”;(T =0 and T*)? =X.

To prove this result, we will need the existence of a particular Ehresmann connection on
i M — M, namely a subbundle H C TM such that kerdr @ H = TM and H C ker d¢. The
following lemma ensures the existence of such a connection.

Lemma 3.8. There exists an Ehresmann connection H on 7: M — M such that H C kerdg.

Proof. Notice that we have kerdr + kerd¢ = TM. Indeed, following Remark 3.4, we have
do(A) = ¢, which implies d¢ # 0 and A ¢ ker d¢. Hence,

rank ker d,¢ = dim M — 1.

Now, since A, ¢ kerd,¢, by a dimension comparison and using that A is 7-vertical, we must
have .
TM =kerd¢ @ (A) C kerde + kerdr.
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Furthermore, since ker d¢ + kerdr = TM , we have that ker d¢ N ker d7 has constant rank and,
therefore, ker d¢/(ker d¢ Nkerdr) — M is a well-defined vector bundle. Notice that this induces
a short exact sequence

0 — kerd¢ Nker d7 — kerd¢p — kerd¢/(kerd¢ Nkerdr) — 0.

Taking an arbitrary Euclidean structure on kerd¢ — M , we may define H through a splitting
of the previous short exact sequence. It suffices to take H as the orthogonal complement of
ker d¢ N ker d7 with respect to the chosen inner product. Indeed, by construction, it satisfies
H Nkerdr = {0} and, furthermore,

rank H = rank ker d¢ — rank(ker d¢ N ker d7) = rank TM — rank ker d,
so that H @kerdr = TM. , defining the desired Ehresmann connection and finishing the proof. [
An Ehresmann connection H on 7: M — M induces a map X? (M) — xP (]TJ ) given by
U=XiAANXp— Ul i=X[A- AX),
where Xih is the unique vector field on M satisfying
nX!'=X;, and X!'ecH.

Lemma 3.9. Let H the Ehresmann connection from Lemma 3.8. Then, for every X € XP(M)
and o € Q*(M), we have

txn(dp AT a) = (—1)Pdo A T (Lx ) .
Proof. Suppose X = X1 A--- A X, where X; € X(M). Then, Xh = X{L A A X;}. Notice that

txn(dp A TR ) = LX{LA,,,/\X[;(dgb AT ) = LXS/\,,,AXQLX{L(dgb AT )

= Lng\---/\XI’}(dd’(X{L)a —dp AT x, @) = _LXQ/\---/\XZ’}((M) ANT Lx, ),

where in the last equality we have used that X {‘ € ker d¢. Iterating the last argument we conclude
that txn(dp A 7°a) = (=1)Pdep A T*(Lx ). O

Proof of Theorem 3.7. Let H be the Ehresmann connection from Lemma 3.8 and let X € XP(M)
be an infinitesimal conformal transformation of ©. Define

X =X"+AAY",

where Y € XP~Y(M) is a multivector field which is going to be specified later. Notice that
X = X. We will look for Y such that 0 = Z;T = —Z5(¢ - 770). Using Lemma 3.9, we have

Lxnpanyn(@-7°0) = dixnapyn (@ 770) = (=1)Prxnapyrd(¢ - 770)
=d(¢7"(1x0)) = (=) ixniapyn(dp AT O + ¢77dO)
=dp AT (1xO) + dd(771xO) —dp AT (LxO)
— (=D)Pdo(A)T* (ty ©) — (—1)Po7* (1 xdO)
= o7 Lx0 — (—1)Pdod(A)T*(1y O)
=¢7" (ZLxO — (—1)P1yO)
since dg(A) = ¢ (see Remark 3.4). Recall that X is an infinitesimal conformal transformation

and, hence, there exists a multivector field V € XP~1(M) such that .#x© = 1y©. Therefore, it
is enough to take Y := (—1)PV to conclude existence.

10
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Let us show uniqueness-up-to-ker, d¥. Consider multivector fields X 1, X, such that g)@T =0
and 7, X; = X. Then,
0= X)ZT = —(—1)”L55idT +deg T
= (1P dY +dig (¢ 77O)
=—(=1)PgdY +d(¢-7"x0).
Hence,

0= Lgld’r — L;(QdT = L)?rf(zd’r’

which finishes the proof. O

Furthermore, we have that the lift of infinitesimal conformal transformations translates into
a bracket preserving lift of conformal Hamiltonian forms to (pre-)multisymplectic Hamiltonian
forms.

Theorem 3.10. Let © be a nowhere vanishing n-form on M and let T: M — M, with (M, —dT),
be a (pre-)multisymplectization of (M, ©) with conformal factor ¢ € €°°(M). Then, the map

U QLP(M,0) — QL P(M,Q = —dY)
o — (—1)Ptlg . m*a

is well defined and, for every o € Q7 P(M,0) and B € Q' *(M,©) it satisfies
{W(), ¥(B)}r = ¥({a, B})+(-1)*d¥(aV B).
Proof. Let a € Q3 P(M,0) and let X, € XP(M),V, € XP~1(M) be multivector fields such that
a=—1x,0 and Lx,0 =1y,0.
Take X € XP(M) to be the multivector field from Theorem 3.7. Then, we have
13 (—dY) = —15dY = —(=1)PdegY + (-1)P.L5 T
= —(~1Pdig(¢-770) = (1) d(¢- ),

which proves that ¢ - da is Hamiltonian and hence 1 is well defined.
Consider o € Q7 "(M,0) and 8 € Q}; 1(M,0). Let X,,V,, X3, Vs be multivector fields
such that

a=—-1x,0, L, © =1y,0, B=—tx,0, Z2s© = 1y,0.

Defining H to be the Ehresmann connection from Lemma 3.8, following Theorem 3.7, we can
take as lift of X, and Xg

Xo=XI+(-1)PAAV, and  Xg=X§+ (-1)7AAVp,

respectively. As we know from the previous calculation, these lifts are the vector fields
corresponding to the (pre-)multisymplectic Hamiltonian forms ¥(a) = (—1)PTl¢7*a and
U(B) = (=1)4tl¢7*3. Therefore, using that Lyax, T = (—1)qL)~(B$)~(aT + Lz Y (see
[21]), we have

{\Il(a)‘)\:[l(ﬁ)}P = <_1)q71[‘Xw(a)/\Xw(5>Q == (_l)ql’}?a/\)‘zﬁdT
= (=1)” (-»%zwzﬂ + d%@ﬂ)
= (_1)1) —(—1)%;(5‘,2”;(&“{ — f)?ﬁb)}a’r + d(¢T*LXaAXﬁ@))

(17 (~ 25,5, T—d (07" (@V ).

/N N

11
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where in the last equality we have used that .i”ga’f = 0, being the definition of the lift from
Theorem 3.7. Now, using that

Lriz T =D Pue o T+ ()P 2 T

= ()P 2 T = (Do, 1,10

= _(_1)(q—1)p¢ T*{B7 Oé} )

we get
(@), ¥(B)kp = (-1 ((-1) o7 (8,0} ~d(67"(aV )))
= (—DPTo 7 {a, B} + (-1 (7" (a V )
= ¥({a,8}) + (-1)*d¥(aV ),
which finishes the proof. O

Remark 3.11. Theorem 3.10 implies that the map ¥(a) = (—1)P*1¢ - 7*a is a Lo.-algebra
morphism, preserving brackets up to an exact term (see [7]). A

Remark 3.12. In the case where © = n is a contact form, Theorem 3.10 translates into a map

U E°(M) — €M)
/ — U(f)=9¢-f,
that satisfies
{¥(f),¥(9)}r=Y{f9}),

since fV g = —itx,;nx,m = 0 so that we recover the usual case of symplectizations of contact
manifolds. A

More generally,

Proposition 3.13. Let © be a nowhere vanishing n-form on M and consider o € Q% (M, ©)
and B € Q4 (M, 0) with a+b < n. Then, the map V defined in Theorem 3.10 satisfies

{\Il(a)a \Ij(ﬁ)}P = \I/({O‘a 6})

Proof. Notice that we have a V 8 = —i1x,nx,0, and deg(Xo A Xg) = (n —a) + (n —b) =
2n — (a + b) > n, which implies a vV = 0, and finishes the proof using the formula in Theorem
3.10. 0

In the case of the canonical (pre-)multisymplectization, the previous results translate into
the following.

Corollary 3.14. For every conformal transformation of a nowhere vanishing form ©, X €
XP(M), there exists a unique-up-to-ker, d(z ©) multivector field X € XP(M x Ry) such that

X=X and Z5(20) =0.
Corollary 3.15. For a nowhere vanishing form, ©, the map

v QM) — QF P(M x Ry)
o' — U(a) = (1P

satisfies
{¥(a), ¥(B)}tp = ¥({e, B}) + (=1)"d¥(a V B),
for every a € Q3 P(M,0) and 8 € QF 1(M,0).

12
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3.2 Multisymplectizations of multicontact manifolds
Let us first define what a multicontact manifold is. Proposition 3.6 motivates the following:

Definition 3.16. A multicontact manifold is a pair (M, ©) such that
ker; © Nker; dO = {0} and ker; dO© # {0} .

Remark 3.17. The condition ker; d© # {0} ensures that the canonical (pre-)multisymplectization
of a multicontact manifold (M, ©) is non-degenerate and, furthermore, it is a property that will
be heavily used in the sequel. A

Remark 3.18. In [38], Vitagliano introduces higher codimensional versions of contact manifolds
that he calls ‘multicontact manifolds’. This notion is different from ours since, in the cited paper,
a multicontact manifold is a manifold equipped with a maximally non-integrable distribution of
higher codimension, which is called a multicontact structure. However, here we are considering
differential forms, not distributions. A

Remark 3.19. Definition 3.16 recovers the notion of contact form when dealing with 1-forms.
Indeed, let n € Q' (M) such that

ker; n N ker; dn = {0} and ker; dn # {0} .

First notice that M is necessarily odd dimensional. Indeed, dimker;n = dim M — 1 so that
dim ker; dn = 1. Since codim ker; d7n is necessarily even dimensional, dim M must be odd. Now
notice that the map
p: TM — ™M
v o dn+n)-n

defines a vector bundle isomorphism. Indeed, it is enough to show that it defines a monomorphism
of vector bundles. Consider v € TM such that

tpdn +n(v) -n=0.

Contracting again by v yields 7(v)? = 0, which implies (v) = 0. Hence, we have ¢,dn = 0, which
gives v € ker; n N ker; dn and, hence, v = 0. Therefore, b defines a vector bundle isomorphism
and thus, 1 defines a contact form. A

The theory of (pre-)multisymplectizations is greatly simplified when dealing with mul-
tisymplectizations of multicontact manifolds. First notice that a multicontact n-form © is
necessarily nowhere vanishing. Indeed, if ©|, = 0, then ker; ©|, = T, M which would yield
0 = ker; ©|, Nker; dO|, = ker; dO|, # 0, giving a contradiction.

Proposition 3.20. Let 7: M — M be a fiber bundle with at least 1-dimensional fibers, where
(M,Q = —d(¢70)) is a homogeneous multisymplectic manifold for some nowhere vanishing
function ¢ € €°°(M). Then, its Liouville vector field A is vertical.

Proof. Indeed, denoting T = ¢ - 70, the condition tA{2 = —7 translates into
dop(A) - 70 —dp AaT" O + ¢ - iaT'dO = ¢ - T7O. (3.1)

Let p € M, and let YV € %(M) be a vertical vector field with Y|, # 0. Then, since 2 is
a non-degenerate multisymplectic form, 1y |, # 0, that is, d¢(Y)|, - 70|, # 0, and, thus,
d¢(Y)|, # 0. Contract by Y on Eq. (3.1) to get dgp(Y') - ta7*© = 0. Since do(Y)|, # 0, we must
have tAT*0], = 0. Since p is arbitrary, we conclude tA7*© = 0 everywhere.

13
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Now, let Y € X(M) be a projectable vector field such that 7.V € kerd® with Y|, # 0.
Contracting by it in Eq. (3.1) and using that (Ao7*© = 0, we get d¢(A) - 751,y O = o771,y O
and, since 7,.Y'|;(,) # 0 and ker; © Nker; d© = 0, we have 7.Y|(,) & ker; ©. This implies that
d¢(A)|, = ¢(p) and, since p is arbitrary, we conclude that ¢(A) = ¢.

Finally, notice that the two previous equalities imply tA7*d® = 0 and, together with

LAT*O = 0, we have 7,A = 0, since ker; © N kery; d® = 0, concluding the proof. O

Remark 3.21. From Remark 3.4, we know that for a multisymplectization 7: M — M of a

multicontact manifold (M, ©) with conformal factor ¢, we have A(¢) = ¢. A
In fact,

Proposition 3.22. If 7: M — Misa multisymplectization of the multicontact manifold (M, ©),
then the fibers are necessarily 1-dimensional.

Proof. Let Y € %(M ) be an arbitrary vertical vector field. We will show that ¥ = %@A.
Indeed, notice that
L

y 1w A d($770) =Y ()70 — Y(¢)7"0 = 0.

Now, since the form —d(¢7*©) is non-degenerate, we must have ¥ = %A, finishing the
proof. O

The main ingredient used in the proof of Theorem 3.7 was the existence of the connection
given in Lemma 3.8. If 7: M — M is a multisymplectization of a multicontact manifold (M, ©)

with conformal factor ¢ € €>°(M ), then, by Proposition 3.22, the connection given by Lemma
3.8 is actually H = kerd¢. In particular, we get a well defined horizontal lift:

XP(M) — XP(M).
Furthermore, we have the following characterization:

Theorem 3.23. Let (M,0) be a connected multicontact manifold and let T: M — M be a

connected multisymplectization with conformal factor ¢ € €°°(M). Assume that ker d¢ defines
a complete Ehresmann connection, namely a connection such that the horizontal lift preserves
completeness of vector fields. Then, there exist:

(i) a covering space w: ¥ — M;
(ii) an open interval I C R such that 0 &€ I;

(iii) a diffeomorphism ®: ¥ x I — M over the identity on M such that ¢ o @ is the projection
onto I.

Before proving the Theorem, let us give a sufficient condition for a local diffeomorphism
>, — M to define a covering space.

Lemma 3.24. Let m: ¥ — M be a surjective local diffeomorphism. Assume that for every path
v: 0,1 — M and for every x € m(y(0)) there exists a lift of the path 5: [0,1] — ¥ with
¥(0) =x. Then, m: ¥ — M is a covering space.

Proof. Consider x € M and let U 5 x be an open neighborhood diffeomorphic to R™. Let V' be
some connected component of 7~ (U). Let us prove that

mly: V=U

14
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defines a diffeomorphism. Indeed, it is enough to show that it is bijective.

Let us first prove surjectivity. Take z € V and denote x := 7(z) € U. Let y € U. Since U is
path connected, there exists a smooth path «: [0,1] — U such that v(0) = x and (1) = y. By
hypothesis, there exists a lift 7: [0, 1] — ¥ such that 7(0) = Z, and with 7 05 = v o 7. Since
Im~ is connected and Im5 NV # (), we have Im% C V, given that V is connected. Now, we
have 7(7(1)) = v(7(5(1))) = y, which shows that 7|y : V — U is surjective.

Finally, let us show that it is injective. Suppose there are 71,72 € V with 7(Z;) = 7(z2).
Since V' is open and connected, it is path connected and there exists a smooth path ¥: [0,1] — X
with 7(0) = 7 and (1) = Z2. This map projects onto a loop 7 = w0~ in U. Since, by definition
U is diffeomorphic to R™, then there exists a smooth loop homotopy v such that vg = v and ~;
is a constant path. Lifting these paths to paths 7; satisfying 7;(0) = Z1, by continuity we must
have 7;(1) = Z. Taking ¢ = 1, since 7 is constant, so is 71, which implies 71 = T2, finishing the
proof. ]

Proof of Theorem 3.23. From Proposition 3.22, we have that all fibers are necessarily 1-dimensional
and, from Proposition 3.20, we conclude that the Liouville vector field A generates ker d7. Define
I :=Im ¢, which is a connected and open subspace of R, namely an open interval. Take ¢ € I
and define ¥ := ¢~!(c).

Let us prove that m := 7|y,: ¥ — M is a covering space. Let us first check that it is a
surjection. Define

U:={zeM|ceo(r )} and Vi={zeM|cd (v (x))}.

Clearly, M = U UV, UNV =0, U # () and V is open. If we prove that U is open as well,
surjectivity will follow from connectedness of M. Let z € U and take a compact neighborhood
K of z. An arbitrary vector field X € X(M) with support contained in K is complete and,
using completeness of the Ehresmann connection defined by ker d¢, its horizontal lift X" will be
complete as well. Let vy, ¢!, with ¢ € R be the global flows of X and X", respectively. Since
X"(¢) = 0, the diffeomorphisms )} : M — M induce diffeomorphisms

h
HDIEE DI
ol

Noting that 7 o ¥} = ¢* o 7 and that by an adequate choice of a vector field X we can set
Y!(x) =y, for any y in a neighborhood of , we conclude that U is open, and that 7 is surjective.
Finally, since the Ehresmann connection defined by ker d¢ is complete, 7: ¥ — M satisfies the
hypotheses of Lemma 3.24 and, therefore, it is a covering space.

Notice that using a similar argument, and the fact that M is connected, we can prove that ¢

defines a diffeomorphism between any connected component of a fiber 7=1(z) and I.
Finally, define

d: YxI — M
(z,t) — Bl (1)
where ¥, is the connected component of 7=!(7(z)) that contains . It is clearly bijective. The

proof will be finished once we show that it is smooth and that it defines a local diffeomorphism.
To show that it is smooth, let us show that its inverse ¥ := ®~! is smooth. Indeed, notice that

0
*A: YR
¢ t@t

so that the flow of A, which we denote by 17, satisfies ¢(1f*(2)) = e*¢(z). Therefore, the inverse
is given by
v M — S x I
T

(wl%g |c|—log |¢(z)] ($)7 ¢(l’)) )

15
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which is clearly smooth. To show that it is a local diffeomorphism, notice that for x € M we have
9

ot

Since TM = ker dp@(A), we conclude ¥, TM = TY. x T1, proving that it is a diffecomorphism. [

() kerdy¢ = kerdyand  and g A=t

More generally, when ker d¢ does not define a complete Ehresmann connection, we can prove
the following;:

Theorem 3.25. Let (M, ©) be a connected multicontact manifold and 7: M — M be a connected
multisymplectization with conformal factor ¢ € CKOO(M) Assume that for every smooth curve
v:[0,1] — M there exists a smooth lift v: [0,1] — M passing through any point in the fiber
771(4(0)). Then, there exist

(i) a covering space w: ¥ — M;
(ii) an open interval I C R such that 0 & I;
)

(iii) an open embedding WV : M — X x I over the identity on M such that the map ¢ o \If_l‘lmqj
is the projection onto 1.

Before proving this result, we need the following lemma.

Lemma 3.26. Define F to be the foliation defined by (A), the distribution generated by the
Liouville vector field. Then, there exists a smooth manifold structure on ¥ = M /F so that the

canonical projection p: M — ¥ defines a submersion.

Proof. Let € M and %, := ~1(¢(z)), which is a submanifold since ¢(z) is a regular value
of ¢. Notice that the restriction p[zz: >; — 2 defines an homeomorphism between an open
neighborhood of z in ¥, U,, and an open neighborhood of p(x) in X, V,. Let ¢,: R" — U,
be a parametrization of U, and define the induced parametrization of V, as Yy :=pop,. We
will show that the collection Z := {(V,,$s),z € M} defines an atlas on ¥. Indeed, let us
show that coordinate changes are smooth. Consider y € M such that Vy, NU; # (. Now,
since p A = t%, denoting by 9 the flow of A, we have ¢(vP(x)) = etd(x). If ¢, is a
parametrization of ¥, on (p|s,) *(Vz NV,), then ¢ﬁg|¢(y)|ilog‘¢(z)‘ o, is a parametrization of
¥y on (pls,) (Ve NV,). Therefore, if ¢, is a different parametrization, the coordinate change
@;1 0Py = gp;l o wl%glqﬁ(y)l—logI(b(x)l o @, is smooth, proving the claim. Furthermore, from the
construction, it is easy to see that p defines a submersion. ]

Proof of Theorem 3.25. Since the distribution generated by A is 1-dimensional, it is involutive.
Let F denote the associated foliation and define

S :=M/F.

We have an induced map 7: ¥ — M, which is a local diffeomorphism. Furthermore, since M has
the path lift property, so does ¥ (by projection) and, therefore, using Lemma 3.24, 7: ¥ — M
defines a covering space.

Finally, it is enough to define

d: M — Yx T
r — (p(x),d(x)),

which is clearly an embedding. O

Remark 3.27. In this line of thought, it would also be interesting to develop an inverse procedure
to multisymplectization, some “multicontactification”, following the ideas in [29]. A
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4 The § mapping and the Reeb multivector field

Every contact manifold (M, n) has an underlying Jacobi structure, namely a pair (A, E) consisting
of a bivector and vector field, respectively, such that

[A,A|=2EAA and [AE]=0.

Then, there is an induced map f: T*M — TM given by fia(a) = 1A and the Jacobi bracket of
two functions f,g € €°°(M) can be written as

{f,9} = va@apdg + E(9)f — E(f)g. (4.1)

In this section we define the analogue of the previous § mapping when dealing with a multicontact
manifold (M, ©), where © has now arbitrary order n.

Recent research has been devoted to study the equivalent analogue of Poisson and Dirac
structures from classical mechanics to classical field theories (see [6, 7, 13, 39]). The vector
bundle map f#, is generalized to a vector bundle map

f: 2" — TM,
where Z" is a vector subbundle of A" M and { is skew-symmetric, namely

L) = —u@)a,

for every a, 8 € Z™.

Consider a multicontact manifold (M, ©) with © € Q"(M). Define the subbundle of forms
Z" C N\" M consisting of « € A" M such that there exists a vector X € TM, and a scalar v € R
with

tx© =0 and tixd®@=a+v-0.

Note that
Z'={1xd® | X e TM} ® (O).

We shall assume that Z™ defines a vector subbundle.

Lemma 4.1. Under the definitions given above, for every o € Z" there exists a unique v € R
and a unique X € TM such that

tx© =0 and txd®@ =a+~v-0.

Proof. 1t is enough to show that if
Lxd@ =" O 5

then v = 0. Indeed, for Y € kery; d® we must have
v-1y© =0.

Taking Y # 0 we have 1y © # 0 since Y ¢ ker; ©, and thus v = 0, which shows uniqueness of +.
Uniqueness of X follows from the assumption

ker; © Nker; dO© = {0} .
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Definition 4.2. Define the § mapping fi: Z" — TM and the Reeb mapping R: Z" — R as
the unique vector bundle morphisms such that

Lh(a)© =0 and li(a)d® = a+R(a) - O,
for every a € Z".
Using that 2" = {ix© | X € TM} & (©), the morphisms f and R are explicitly given by
fHtxdO+v-0) =X and R(txdO+v-0) =~.
Remark 4.3. We can interpret R as a class of multivectors:

Re (2" =\ M/K,,

where K,, = {u € \/,, M | 1,Z™ = 0}, and we shall henceforth do so making abuse of notation,
referring to R as the Reeb multivector field. A

Remark 4.4. Let © = 1 be a contact form on M. Then, the § and Reeb mapping from Definition
4.2 is contraction by the multivector field A and vector field E, respectively, where A and E are
the bivector and vector fields associated to the Jacobi structure induced by n [14, 15]. A

Furthermore, we have the following.

Lemma 4.5. The morphism t is skew-symmetric, namely

L) B = —ly(p) -

Proof. Note that
t(e)B = ty(a)t1(8)dO — RAB) - t4(0)© = t4(8)n1(0) 4O -
0

Now we wish to define the §f mapping for forms of arbitrary degree, in order to give a complete
description of the bracket. Let us state a different description of [13, Theorem III.A.1] which will
help us fulfill our purposes:

Theorem 4.6. Let V be a finite dimensional vector space, let Z™ C \" V* be a subspace and let
§: Z" =V be a linear map salisfying ty0)B = —iygycx for every o, B € Z™. Then, defining

zZrli=ypzn, 2P =2t L, 2= 22,
there exists a unique family of maps f,: Z¢ — /\nH*a V/Kn+1_a, with a = 1,...,n, where
Kpii—a={ue /\nH_a V| 1, 27172 = 0}, such that
(i) tpo(B = (—1)HI=H1I=b), oo for every o € 2% and B € Z°, and
(i) #1 =t.
Using Theorem 4.6 we conclude that if the contractions

n

Za = LVn—a MZ

define subbundles of A* M for every a = 1,...,n, then there exists a unique family of vector
bundle morphisms

ﬁa: 2% — \/ M/Kn+1faa
n+l—a
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where K, = {u € \/, M | 1,Z" = 0}, such that §, = § and ¢y, () = (—1)(tla)ntl=b), oo,
for every oo € Z% and every B € Z°. This vector bundle maps are given explicitly by #i(t,a) =
(o) Nu+ Kyy1-q, where u € \/,,_, M and o € Z™. Notice that

K, = ker, © N ker,, dO .

Remark 4.7. Using the ff morphisms defined above, we can choose canonical multivector fields
X, and V, modulo ker, d® and ker, ©, respectively, for some given v € Q%,(M). Indeed, first
notice that given v € Z%, we can write v = (y,a for some o € 2" and U, € \/,,_, M. Then,
ﬂa(')/) = ﬁn(a) A U7 + Kpy1-q. Hence,

Lo ()40 = 1,1, (04O =, a + R(a),© = v+ R(a)w, O .

Notice that this means that U, is well defined modulo ker, ©. Therefore, given v € Q7 P(M),
we can set
Xy = (_1)p+1ﬁn+1—p(d7) + Ry,

where R, € ker, dQ satisfies —y = 1z O, and take V, = (=1)P"'R(a)U, so that Lx,0 =
LVW@. A

Now we are ready to state and prove the result that we aimed for, generalizing Eq. (4.1) for
multicontact manifolds.

Theorem 4.8. The Jacobi bracket associated to a multicontact form can be written as
{o, B} = (=1)%d(a v B) + (—1)P V9 oydB+ (-1 o — (-1 Dy 8. (4.2)

Proof. Before proving the result, first notice that given an arbitrary conformal Hamiltonian form
a € Qy P(M), by the previous remark, we may take as multivector field

Xo = (=P Hnt1-p(da) + Ra,
where R, € ker, dO satisfies &« = —1g,©. Now, we have
{0, B} = —tjx0 x,)© = —(-1)P92x 1,0 + 1x,Lx, 0
= (—1)P V9 (2y — ) B = (—1)PVidy B — (=1)P NI 48 — (—1)PDa,, 5
= (~D%(a Vv p) = (1P B
— (=) Natp, ((—1)q+1bxﬁd@ _ LV5@) — (—1)P Ny, 5
= (=12 V) + (—1)P 9y qdB+ (1) e — (1) Dy, B,
as we wanted to show. O

Remark 4.9. When both a and 3 are n-forms, we have p = ¢ = 1 so that both V,, and Vj3 are
functions and Eq. (4.2) can be written as

{a, B} = =d(a V B) + tyaaydB + Vg - a =V, - B.

Notice that in this case V,, = —R(da) and Vg = —R(d3) so that we can write
{a,8} = —d(aV B) + t4ae)dB — R(df) - a + R(da) - 3,

generalizing Eq. (4.1). A
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5 Multicontact field equations

In this section we study a possible definition of multicontact field equations in a particular, but
still quite general, subclass of multicontact manifolds. We look for equations that not only are
dependent on the geometry, but also depend on a choice of Hamiltonian, as is usually done in
symplectic and contact mechanics. In contact mechanics, the evolution equation of the motion
determined by a Hamiltonian H € ¥°°(M) on a contact manifold (M,n) is given by

g=Xnu(g)={H,9} — R(H)g, (5.1)

where R is the Reeb vector field defined by n and {H, g} denotes the usual Jacobi bracket. In
our case, a Hamiltonian will be a suitable n-form h € Q™(M), and the evolution of conformal
Hamiltonian (n — 1)-forms will be given by

Y*(da) = —R(da) - h — 1x,dh — (trdh) A «
= — (gxa + 'R(Oz)) h — (/,Rdh) ANa+d (LXah) s
where R is a finer choice of the Reeb multivector field, and 1 : X — M is a smooth map from

an n-dimensional manifold to the multicontact manifold (M, ©). Using Remark 2.6, extending
the domain of definition of brackets to n-forms, the previous equation may be interpreted as

Y*(da) = {h,a} — (trdh) Na+d (tx h) ,

which clearly generalizes Eq. (5.1).
All over this section we will assume that ker; d© defines a vector subbundle of constant rank.

5.1 General multicontact Hamilton—de Donder—Weyl equations and varia-
tional multicontact manifolds

Throughout this section we assume n > 1.

Our first obstacle is to find the correct family of n-forms for which contraction by the Reeb
multivector field is well-defined. Recall that R is defined as the unique n-multivector field up to
ker,, © N ker,, dO such that

RO =1 and trd©® = 0.

A finer definition can be made. Let bg denote contraction by ©, namely

bo: ker;d® — A"T'M
v — 1,9 .

Notice that it defines a monomorphism. Then, we have a vector bundle isomorphism

ker; dO ® (\/ M/(Im b@)o’"1> LELIUNG S bo ® (\/ M/(Im b@)o’"1> )

n—1 n—1
Notice that \/,,_; M /(Imbg)>"~! = (Imbe)* so that we can use the identification
Tmby @ (\/ M/(Imb@)o’”‘1> — Tmby ® (Imbe)* .
n—1

Let R denote the preimage by bg ® Id of 1/n times the identity on the right hand side space.
We also have a well defined mapping

¢: kerld@®(\/n_lM/(Imb@)ov"_1> — \, M/K,
R® (U + (Imbg)°on~1) — RAU+K,,

where K,, = ker,, © Nker, dO, since ker; d® A (Imbg)>"~! C K,,.
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Proposition 5.1. We have ¢(R) = R.

Proof. Let R; denote a basis for ker; d© and define a; := tp,©. Then, the identity on
Imbe ® (\/ M/(Imb@)"’”_l) = Imbe ® (Imbe)* .
n—1

is given by a; ® u?, where u’ is a class of multivectors satisfying ¢,;; = 53 . Then, R = %Ri ®u’
and ¢(R) = L R; A u’ which clearly satisfies

L d)(ﬁ)d@ =0 and L

O

In order for the contraction with R to be well defined, the subbundle of A" M on which
Hamiltonians will take values has to be defined as the space of n-forms that vanish when
contracted with an element of (Imbg)®"~! or, equivalently:

Definition 5.2. Define the Hamiltonian subbundle H C A" M as

H—{he;\M ’ LTMhQImb@}.

A Hamiltonian is a section h € I'(H), that is, an n-form h such that tpph C Imbg.

Now, let h € T'(H) be a Hamiltonian. We want to evaluate ¢5dh, where the contraction is
obtained with any representative of R in ker; dO ® A, | M.

Proposition 5.3. Contraction by R is well defined if and only if txer, aodh C H.

Proof. If tyer, aodh C H, it is clear, since H is defined so that contraction by elements of
V., M/(Imbe)" ! is well defined. Conversely, if there is a vector R € ker; d© such that
trdh ¢ H, then there is an element u € (Imbg)>" ! such that t,trdh # 0, and therefore,
contraction by R is not well defined. O

Therefore, in order to write field equations for a Hamiltonian, Proposition 5.3 must hold.
Definition 5.4. A Hamiltonian h € I'(H) is called a good Hamiltonian if txer, aqodh C H.
For a good Hamiltonian, a fundamental object is the dissipation 1-form which is defined as
op:=n-izdh.

Then, we can define the Hamilton—de Donder—Weyl equations for a map ¢: X — M, where
X is and n-dimensional manifold, as

WO+h)=0 and  Yr(d+opA)(O©+h) =0, VEeX(M).

Theorem 5.5. Let h € T(H) be a good Hamiltonian, let oo € Q7 (M) be a conformal Hamilto-
nian form and let ¢v: X — M be a solution of the Hamilton—de Donder—Weyl equations defined
by h. Then

Y*(da) = ¢¥* (=R(da)h — 1x,dh —op AN+ op Aex, h) .
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Proof. Indeed, we know that 1)*1¢(d + o,A)(© + h) = 0, for every § € X(M). Let £ = X, where
X, is a vector field satisfying

1x,0 = —« and 1x,d0 = da — R(da)O .
Then, we obtain
YP* (da — R(da)© + 1x,dh + 04(X0)© + o A+ op(Xa)h — on Atx, h) =0
which, using that ¢¥*© = —*h, implies
Y*(da+ R(da)h + vx,dh+op ANov — oy Ax,h) =0,
finishing the proof. O
Corollary 5.6. Under the hypotheses of Theorem 5.5, if X, takes values in (Imbg)®!, we have
Y (da) = Y™ (=R(da)h — 1x,dh — op A ) .

Proof. Clearly, since h takes values in H, which is defined as the subbundle of forms that vanish
when contracted by an element of (Imbg)®?!, so that tx h = 0. O

A natural question to ask is what are the conditions that guarantee that every possible choice
of Hamiltonian is a good Hamiltonian. Consider h € I'(H), R € ker; d© and v € TM. Abusing
of notation, let us denote by R and v extensions to global vector fields. Then, tpdh takes values
in H if and only if t,tgdh takes values in Imbg. We have the following

wirdh = 1, Zrh — tydigh = ZLRivh — gy }h — tydirh.

Clearly, by definition, L[Rm]h takes values in Imbg. This implies that Zriyh — tp,degh measures
the extent to which h fails to be a good Hamiltonian. Define

Yo: T'(H) x I(ker; dO) x X(M) — Q" 1(M)/I'(Imbe)
(h,R,v) —  Zriyh — tydigh.

This map is €°°(M)-linear in both R and v but, unfortunately, fails to be €°°(M)-linear in h,
in general. Therefore, it induces a map (which, abusing of notation, is denoted by g as well)

n—1
Yo: T(H) x (ker; d® ® TM) — J\ M/Imb@ ,

so that we have the following.

Corollary 5.7. Let (M,0) be a multicontact manifold. Then, every h € T'(H) is a good
Hamiltonian if and only if vo vanishes identically.

Although vo can be difficult to compute in complete generality, if we restrict the study to
a particular subclass of multicontact manifolds, yg induces a tensor which is much easier to
manage.

Definition 5.8. A multicontact manifold (M, ©) is called variational if

[’/\2(ker1 d9)® - O .

Proposition 5.9. Let (M,©) be a variational multicontact manifold and h € I'(H). Then,
Ukery doh = 0.
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Proof. Indeed, let v € TM and R € ker; d©. Then,
tytRh = —Lptyh = —LRLR O,
for certain R’ € ker; dO©. Now, since © is variational, tgpr© = 0, which finishes the proof. []

Proposition 5.9 implies that we may write
vo(h, R,v) = ZLrtyh = trdiyh

and, now, it is €°°(M)-linear on every component so that it induces a vector bundle map
n—1

Yo: H®keri dO @ TM — /\M/Imbg.

However, we can obtain a much simpler tensor that also measures the extent to which Hamiltonians
fail to be good Hamiltonians. Indeed, notice that t,h = 1O, for some R’ € ker; d© and we may
write yo(h, R,v) = tgrdir/©. This induces the following definition

Definition 5.10. Let (M, ©) be a variational multicontact manifold. Then, its distortion is
defined as the following map

Co: T(ker;dO)®I'(ker; d®) — Q" Y(M)/T(Imbg)
R® R — trdLp© .

Proposition 5.11. For a variational multicontact manifold, Cg defines a symmetric vector

bundle map
n—1

Co: ker; dO @ ker; d® — [\ M /Imbe .

Proof. Tt is clearly ¢°°(M )-linear on its first component. Therefore, it suffices to show that it is
symmetric to conclude the result. Indeed,

tpdip©® = 1. LRO — LR dO = g LR O
= gR’LR@ - L[R’,R]@
= LR/dLRe - L[RI,R]@ .

Notice that [R/, R] takes values in ker; dO, and so Ur,r)© takes values in Imbg, concluding that
Co is symmetric and finishing the proof. O

Concluding, we have:

Theorem 5.12. Let (M, O) be a variational multicontact manifold such that ker; d© has constant
rank. Then, every Hamiltonian is a good Hamiltonian if and only if its distortion vanishes.
5.2 Dissipated forms

In contact dynamics, a fundamental concept is that of dissipated quantity [23], which is a function
g € €°(M) satisfying § = —R(H)g. Recently, in [33], the concept was generalized to the
multicontact formulation of field theories.

Definition 5.13. Let (M, ©) be a multicontact manifold and let A € I'(H) be a good Hamiltonian.
Then, a form o € Q% (M) is said to be dissipated, if

Yida = —op AN,

for every v solution of the multicontact Hamilton—de Donder—Weyl equations determined by h.
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Remark 5.14. The definition of dissipated form that can be found in [33] is not quite the same
as Definition 5.13. Indeed, in the cited article, a differential form o € Q*(M) is called dissipated
if * (aa) = 0, for every map ¢: X — M satisfying ¥*© = 0 and w*@e =0, where £ € X(M)
is an arbitrary vector field and da = da + o A @, o denoting a particular 1-form, which only
depends on the multicontact form ©. This last form is also called the dissipation form, but does
not completely correspond to the notion introduced in this text (see [11, 12]).

In our setting, the dissipation form depends upon a choice of Hamiltonian, kA, and this choice
induces an operator dya = da + o), A «, which allows us to write the condition for a form to
be dissipated as ¥* (Hha) = 0, for every solution of Hamilton—-de Donder—Weyl equations v or,
equivalently, for any smooth map ¢: X — M satisfying ¢* (© + h) = 0 and ¢*ted), (© + h) = 0.
Hence, we recover the definition presented in [33] if we work with the form ©;, = © + h, instead
of interpreting © to fix geometry and h to define the dynamics. It can then be shown that o, is
the dissipation form associated to ©j, in the sense of [11, 12]. A

In the case of Hamiltonian forms, we can obtain a condition to identify dissipated forms.
Indeed, using Theorem 5.5 we have the following

Proposition 5.15. Let a € Q) 1(M). Then, if
—(Zx, + R(da)) h 4 (d + opN\) tx, h =0,
then « is a dissipated (n — 1)-form.

Remark 5.16. Notice that if X,, takes values in (Imbg)®!, then tx_h = 0 and therefore, the
equation in Proposition 5.15 simplifies to — (Zx,, + R(da))h = 0. A

A natural question to ask is if dissipated forms are closed under Jacobi bracket. As we know
the vector field associated to {«, 8} is [Xq, Xg]. Also, a quick computation shows R(d{«, 3}) =
Xo(R(dB)) — X5(R(de)). Therefore, after a simple, but rather rather lengthy computation, we
get

- ("S/ﬂ[Xcth] + R(d{a, B})) h+ (d+ onM)tx, x 0 =
= (Zx, + R(d)) (= (Lx,; + R(AB)) h+ (d+ onA) tx,h)
— (Zx; + R(dB)) (= (Zx, + R(da)) b+ (d + opA) tx,h)
+ (d + O'h)gXa/\Xﬁh + gXBUh ANix, h— .,%XaO'h VAN [/Xﬁh
+R(dB)(d + on)tx,h — R(da)(d + op)ix,h.

As a corollary, we obtain the following:

Corollary 5.17. Let o and 8 be conformal Hamiltonian (n — 1)-forms such that
—(Zx, +R(da)) h=0 and — (Zx; + R(dB)) h=0.
If both X, and Xg take values in (Imbg)®!, then {«, B} is a dissipated form.
Proof. Tt is enough to notice that all terms vanish from the last expression and to use Proposition
5.15. 0

6 Dissipative field theories

In this section we apply the constructions developed along this paper to the case of dissipative
field theories.
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Let m: Y — X be a fiber bundle (or, more generally, a fibration). The extended phase space
of action dependent field theories is defined as (see [11, 12, 25])

n n—1
M:=Avo \X,
2

where A} Y denotes the 2-horizontal n-forms on Y and A" "' X denotes the (n — 1)-forms on X.
We can find a canonical multicontact form on M given by

© =dey ' - ey,

where O} and ©'% ' denote the canonical Liouville forms on A} Y and A" X, respectively.
If (z,y%) denote fibered coordinates on 7: Y — X, then we have canonical coordinates
(. y', p,pl', s*) on M. Indeed, any element in A3 Y (respectively, in /\"_1 X) can be locally
written as

pd™x + pfdyi A d"_lxﬂ , (respectively s“dn_lwu ),
where d"z = dz! A --- A dz™ and d”_lxu =1 o d"x.

oxH
The coordinate expression of the canonical multicontact form and its exterior differential

under this choice read

0 =ds* Ad" tz, — pd"z — pidy' Ad" My, dO = —dp Ad"z — dpl' Ady' Ad" Pz,

Therefore, we have

o L0 0 )
ker1® = <8yl —D; 8Q9/~"78p7> and ker1 de = <63U> s

which implies that © defines a multicontact structure.

As we showed in Section 5, the best behaved conformal Hamiltonian forms are those whose
infinitesimal conformal transformation takes values in (Imbg)®!. In our case,

n—1

bg: ker; dO —s /\ M

and has image (d""'z,), so that Imbg is the space of horizontal forms with respect to the
fibered structure M — X. In particular, (Imb)>! is the vertical distribution. Let us study
those Hamiltonian forms under the previous multicontact structure with vertical infinitesimal
conformal transformation with respect to the projection M — X.

Proposition 6.1. Letn > 1 and X € X(M) be a vertical infinitesimal conformal transformation.
Then, its local expression is

oG"\ 9 oG+ 0
X =|Fs" B ph! — =
( s+ G" — p] 8p;(> dst oplt dyl
OF oGH 0 oF oGH 0
- gh — 4+ Fpit ) — Ztr T L Fp ) =
+<8y’5 oyt p’) 3pf+< P T p) Op’
m «
where F is independent of s*, p and pl', and G* satisfies (Z?(;” = ff%ia .
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Proof. Let
0 0 0 0
X =A'— 4+ B H— +D—.
Ost * oy’ +C op! + Op

Then,
dex® =d (4#d" 'z, — pi'B'd" 2y,

AH ) BZ . .
_ (‘9 0 ) a2 (A“ - pngJ) dy' Ad™ 1z,

OxH Hoxk oyt
0 , ) .
TR T o] v n—1 TR o ] n—1
+8piy(A p]B)de/\d x,ﬂ—ap(A pJB)dp/\d z,
5% v n—1
+@(Au—p]B‘j>d8 /\d J}#

and
1xd® = —Dd"z — Cfdy' A" a, + B'dpf Ad" ey,

so that, if X defines an infinitesimal conformal transformation, Zx© = f - © for certain
f € €°(M) and we must have

OAr OB %) ; .
) o n w_ MR e % n—1
(83:“ p“ax/‘ D)d x+<8yi <A ij> Ci>dy Nd" Ty,

0 . . 0
B PRI 1 27 v n—1 Ho_ J n—1,
+<apiy(A p]B>+5VB>de/\d a:#—{—ap(A B ) dpad

0 ; 1
+ 97 (A“ —p?BJ> ds" Ad"x, =
= f(ds* Ad" 'z, — pd"z — piidy' Ad" )
) an—l
Contracting Wlth —— A ——— both sides of the equality, we obtain
nost o lz,
10
Al BT
/= n dsk (
Comparing the terms with ds”, we conclude that A* — p' Bj Fst + G*, where F' and G are
independent of s”. In particular, C¥' = gF st + 8Gl +p“F and D = &~ OF gu 4 %ff + pF. Since

the term with dp must vanish, both F and G* are mdependent of p and since the term with dp}
must vanish we arrive at the condition

oF OGH )
= —0"B".
op¥ y op¥ v

Taking v # p, we conclude that F is independent of p!' so we are left with the equation

%SM —80 B, proving the result. O

Then, using Proposition 6.1, we conclude the following

Corollary 6.2. A Hamiltonian form o € Q"H_I(M ) with vertical infinitesimal conformal trans-
formation has the following local expression:

a=(—Fs'—G"d" 'z,

8G” — §¢ oG~

where F' = F(z,y), and v gpe -
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Table 1: Elementary examples of conformal Hamiltonian forms

Form Infinitesimal conformal transformation Conformal factor
std" g, —s“a% — pf% — pa% -1
yidnlz, _yi% — % 0
pt d”_lxu 82" 0

d”flx” —a% 0

Table 2: Jacobi brackets of the elementary examples

{.’ } Sudn_lfl?,, yjd"_lx,, pjlgdn—ll,l/ dn_llL‘y
s“d"‘lxu 0 ydr e, 0 d”_lxu
yidnflx# —yidnflx# 0 5§d”*1xl, 0
pld™ 1tz 0 —§ld e, 0 0

dnlg —dn 1y 0 0 0
I3 I3

In Table 1, the reader can find some elementary examples of conformal Hamiltonian forms,
their associated infinitesimal conformal transformations, and conformal factor. The Jacobi
brackets of each possible pair can be found in Table 2

Now, our goal is to write the evolution of the previous Hamiltonian forms with a fixed
Hamiltonian (and hence fixed dynamics) using the studied geometry. Intrinsically, a Hamiltonian
is given by a Hamiltonian section

n n n—1 n n—1
h: /\Y//\Y@/\X—)M:/\Y@/\X,
2 1 2

which then induces a multicontact structure on A5 Y/ AT Y & A" ' X using ©,, = h*O. As stated
in the previous section, we prefer to work with the canonical multicontact structure on M and think
of the Hamiltonian as h = 7*0, —©, where 7: M — ALY/ ALY SN X denotes the pI‘OJGCthH,
hence fixing the geometry. The canonical coordinates on AJ Y/ ALY @ A" ' X are (2, ¢, pl', st
and, hence, the local expression of the Hamiltonian section will be p = —H (z#, /¢, pl', s*), so that

On =ds* Ad" 1z, + Hd"x — pldy* Ad"

and B
h=((p+H)d"x

This implies that his a good Hamiltonian, in the sense of Section 5, so that it defines the
following dynamics:

P (O©+h)=0 and Pe(d+opN) (O +h) =0, VEeX(M),
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where oy, is the associated dissipation 1-form, which takes the expression o), = %dx“. To obtain
the local expression of the Hamilton—-de Donder—Weyl equations we will use Corollary 5.6 and
the conformal Hamiltonian forms of the previous table. A quick calculation yields:

* n— * OH n
P*(dst Ad" ) =9 <(pf8p‘.‘_ )d fC>7

* 7 n— * OH n
Yy’ AdPay) = <8pfd 96) )

O0H OH
* 1% n—1 ok [ iy n
P (dpf A" y,) = < <8yi+asﬂp’>d :c> )

In particular, if we look for sections v: X — M, we obtain the so-called multicontact Hamilton—de
Donder—Weyl equations for dissipated field theories [11, 22, 25]:

o _ O oy _OH oyt _ (0H OH

Oxh L opl’ dxr Opl'’ Oxt oyt Ostt

7 Conclusions and further work

In this article we defined and studied brackets induced by an arbitrary n-form, as well as the
relation of these brackets with the usual bracket appearing in multisymplectic geometry through
the process of multisymplectization (see Theorem 3.10). Finally, we computed the Jacobi bracket
of some conformal Hamiltonian forms present in the multicontact formulation of action dependent
field theories. The definition and properties of these bracket open a few possible directions for
research:

(i) With the introduction of the § morphism, one could do a preliminary classification of the
submanifolds of a multicontact manifold, defining isotropic, coisotropic and Legendrian
submanifolds (just as it is done in Jacobi manifolds is general). A study of these and some
possible “Graded Jacobi structures” or “Higher Jacobi structures” would be of interest to
understand the underlying structure of the brackets.

(ii) Although we investigated a possible formulation of dynamics using the § and Reeb morphisms,
an explicit description of the equations using Jacobi brackets would be of interest. This
would allow for a description of reduction, both coisotropic and by symmetries.

(iii) We also propose as a research topic the relation between the multicontact formulation of
action dependent field theories and the contact infinite dimensional formulation using a
space-time splitting. It should be the case that when integrated, the Jacobi bracket of
(n — 1)-forms recovers the usual Jacobi bracket of contact geometry.

(iv) We want to compare the current definition of multicontact form with previous multicontact
definitions, and try to obtain a multicontact structure from a given k-contact [22] or

k-cocontact [32] (see similar results for multisymplectic forms and k-cosymplectic structures
[16]).
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